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Chapter 1
Preface
He had a weak point – this Fortunato – although in other regards
he was a man to be respected and even feared. He prided himself
on his connoisseurship in wine. Few Italians have the true virtuoso
spirit. For the most part their enthusiasm is adopted to suit the
time and opportunity to practise imposture upon the British and
Austrian MILLIONAIRES. In painting and gemmary, Fortunato,
like his countrymen , was a quack, but in the matter of old wines he
was sincere. In this respect I did not differ from him materially; I was
skilful in the Italian vintages myself, and bought largely whenever I
could.
- The cask of Amontillado - Edgar Allan Poe.
1.1 Introduction and motivations
We are now living a new era of development of nuclear sciences that has ex-
panded recently thanks to the discovery of the so-called exotic nuclei. These
nuclei lie far from the stability valley, and are also named unstable nuclei in
contrast to the stable ones, which nuclear scientists were used to deal with in
the past. The Odyssey to reach the limits of stability, is pushing nuclear sci-
ences to new and unexpected discoveries and to a redefinition of its scope and
methods. At a variance with other revolutions happened suddenly in science,
this is a quite slow and step-by-step revolution, that is both experimentally and
theoretically a scientific challenge and an exciting cultural progress. The de-
scription of such systems requires a reconsideration of the role of the continuum
that increases its importance while moving toward the drip-lines. In fact the
closer a nucleus sits to the drip-lines, the weaker is the binding energy: in this
5
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way only little room is left in the discrete part of the spectrum for other bound
states. Typically if we move from the valley of stability outward we encounter
the situation in which the bound excited states of the stable nucleus are shifted
to the continuum in unstable isotopes, forming low-lying resonances. The cou-
pling to these states becomes of fundamental importance for the description of
reactions in which weakly-bound nuclei are involved. At the same time the cou-
pling to non-resonant continuum states changes its role becoming more relevant
in these systems.
The continuous part of the spectrum also displays other interesting modi-
fications in exotic nuclei: it is worth mentioning the effect of the presence of
a neutron skin on the excitation of conventional modes (as the giant dipole
resonance).
The main aim or file rouge of the present thesis is to try to link many different
aspects of the complexity of the continuum spectrum in nuclear structure and in
nuclear reactions involving both stable and unstable nuclei either as a as a tool
or as the subject of our study. Not only we would like to study the continuum in
exotic nuclei, but we would also like to tackle the issue of “exotic continua”, that
is to say to address ourselves to a number of problems regarding the excitation
of unusual modes in stable nuclei, as we will mention in the following. This
thesis is organized in four main chapters, each one discussing a particular issue.
The first chapter deals with a detailed study of the excitation of double
phonon giant resonances in stable nuclei. The experimental evidence for the so-
called giant modes in the continuum dates back to the thirties and spurred the
first attempts to describe them theoretically. From the other side theorists had
come to a precise formulation of the problem in terms of excitation of phonons
in finite quantum systems, thus demanding the discovery of two-phonons or
many-phonons excitations. They were found experimentally (in particular in
the case of double phonon giant dipole and quadrupole resonances) and we
had developed a method and a computer code to study in a simple way the
dependence on various parameters of the excitation of these modes.
The following chapter is concerned with the excitation of giant pairing vi-
brations in stable nuclei, but excited with an unstable beam. Low-lying pairing
states are well-known, but the giant pairing mode, that was predicted to lie at
higher excitation energy, has never been found experimentally. Two neutrons
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transfer (t,p) reactions were studied in the past to look for this excitation, but
the results have not been published. After a structure (RPA or BCS+RPA)
study of the monopole states in the continuum of the targets, we perform a
calculation (based on the coupled channel formalism) for two neutron trans-
fer reactions with both a conventional ( 14C) and an unconventional beam (
6He), showing that in the latter case the excitation of the giant pairing mode is
enhanced as a consequence of the optimal Q-value that comes from the weakly-
bound nature of unstable projectiles. The main conclusion of this chapter is that
an effort should be undertaken in order to repeat the already tried experiments
with weakly-bound projectiles to identify the giant pairing vibration.
In the third chapter we introduce a new model to study the effects of the
diffuseness of the nuclear surface and of the presence of the skin on the excitation
of isovector giant dipole modes in both stable and unstable nuclei. Surprisingly,
being the model a modification of the Steinwedel-Jensen model, we find a strong
modification of the predictions for the energy of giant dipole resonance, due to
the presence of the diffuseness. This is true already at the level of nuclei that
lie in the stability valley and becomes even more effective at the drip-lines.
The last part deals with the problem of the non-resonant nature of the low-
lying continuum in dicluster nuclei. In the light-mass region of the nuclear chart,
many nuclei are believed to possess a cluster structure and a clear distinctions
between stability valley and drip-lines is difficult. In this region many stable
nuclei display binding energies comparable to drip-line isotopes (though the
half-life is a way to make a distinction). This is particularly true for 6Li and
7Li, respectively formed by an alpha particle plus a deuton or a triton. Within
a simple cluster model, where cluster and core interact via an effective Coulomb
plus Woods-Saxon nuclear potential, we compute many properties of the system
under study. The weakly-bound nature of these isotopes is responsible for an
enhanced excitation of states in the low-lying continuum that confirms older
similar results obtained in halo nuclei. The contribution of the non-resonant
continuum is found to mix with the excitation of resonant states (in some case
being stronger and washing out the lineshape of many states). This line of
research is directly connected with the experimental work on breakup reactions
of light weakly bound nuclei, that is going on at the Laboratori Nazionali di
Legnaro. In particular we will address some comments on the breakup of 6Li at
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the end of the last chapter.
This thesis contains extracts form previously published works in which the
author had participated as well as parts that we intend to publish in the future.
The list of works, conference proceedings and preprints in which the author has
been involved and has a connection with the present thesis is given at the end
of the bibliography.
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Chapter 2
Double Giant Resonances
2ph GQR⊗GQR
1ph GQR
gr
2.1 Introduction.
Giant Resonances (GR) are considered as one of the most important elementary
modes of excitation in nuclei and have been studied for more that 50 years:
they represented a major discovery in nuclear sciences and they still stimulate
theoretical as well as experimental developments [1].
Giant Dipole Resonances in nuclei were observed by Bothe and Gentner in
1937 [2]. They observed a broad peak in the spectra of (p,γ) reactions around 17
MeV. Subsequently a more systematic investigation of the energy region between
10 and 25 MeV [3] for a larger number of isotopes was done. A schematic
representation of the photoabsorption cross-section of a nucleus may be divided
in three region: a low-lying region under the threshold for nucleon emission
where a number of discrete states are present, a threshold region where states
with a non-zero width start to appear and overlap, and a higher-lying energy
region where a broad and huge peak, followed by lower ones is the major feature
of the nucleus. This broad peak is called Giant Dipole Resonance (GDR) and
9
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it has been shown that is a common feature of nuclei, being almost always
present in the photoabsorption spectrum across the whole table of nuclei (with
the exception of the smallest isotopes for which it is difficult to identify a GDR).
This giant mode has always a large width (4-7 MeV), being smaller for
closed shell nuclei and larger for mid-shell isotopes and the integral cross section
exhausts almost completely the Thomas-Reiche-Kuhn (TRK) sum rule.
The first theoretical interpretation was published in 1948 by Goldhaber and
Teller [4] for the isovector giant dipole resonance in terms of a model in which
a rigid proton sphere oscillates against a rigid neutron sphere. Some years later
Steinwedel and Jensen [5] considered a model in which proton and neutron fluids
were allowed to oscillate out of phase within a rigid sphere (See chapter 3).
The isoscalar quadrupole resonance was found (in 1971) in the inelastic elec-
tron scattering [6] as well as in proton scattering experiments [7]. Other modes
have been identified as the Giant Monopole Resonance, the Gamow-Teller res-
onances , etc. that we will not discuss. They are generally interpreted as
harmonic density vibrations of the quantum fluids around the equilibrium dis-
tribution of the nucleons [8]. Within this point of view one should also expect
to observe higher-lying states of the harmonic spectrum such as, for instance,
the two-phonon Double Giant Resonance (DGR). Double and, in general multi-
phonon resonances, are seen as excitations of the second, or higher, phonon on
top of the excitation of the first one. This idea is illustrated in figure 2.1 where
a double giant quadrupole resonance is built upon the single-phonon GQR.
2ph GQR⊗GQR
1ph GQR
gr
en
er
g
y
Figure 2.1: Schematic picture aimed at illustrating how a double giant
quadrupole resonance is built.
The excitation of higher-lying states is not only limited to phonon of the same
kind, but also the excitation of phonons of different multipolarities built on top
of excited state (both bound and unbound) has been observed and discussed.
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The existence of the double-phonon excitation of low-lying collective vibrational
states has been known for a long time, but only recently the multiple excitations
of GR have been systematically observed (for a complete review see ref.[10, 11]
or [1] and references therein). The first example of a giant dipole resonance
built on a 2+ excited state has been seen in a (p,γ) reaction on 11Be [12]. In
this case however the giant mode is built on a discrete excited state. We will
instead be concerned, in the following, with giant modes built on other giant
modes.
σ
E
discrete
continuum
giant resonances
double resonances
Figure 2.2: Schematic picture of the typical energy regions in a photoabsorption
spectrum. See text.
The observation of multiphonon giant resonances raises a number of experi-
mental difficulties[9]. These modes are to be searched at high excitation energy
in the continuum where various states with large width are overlapped. More-
over their cross section is in general thought to be quite small and very selective
reactions are demanded in order to yield appreciable cross sections. In heavy
ion collisions at low incident energy (where with “low” we mean some 20-50
MeV/n) the inelastic cross-section is dominated by the isoscalar resonances be-
cause of the strong nuclear interaction. The giant quadrupole resonance is the
strongest among these kind of excitations and we expect that the double phonon
excitation built on this state will be one of the most favourably seen. This is
the case in the inelastic spectrum from the 40Ca +40Ca reaction at 44 MeV/n
where the DGQR is seen as a small bump at 34 MeV (see fig. 2.3).
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Figure 2.3: Experimental inelastic spectrum corrected for the proton multiplic-
ity for the 40Ca +40Ca reaction at 44 MeV/n. The bump at 34 MeV corresponds
to the double phonon giant quadrupole resonance. From [11].
The main difficulty is the extraction of the structure from the background,
whose characteristics are inevitably affected by uncertainties on the correction
function.
Interest in this subject has been renewed by recent experiments with rela-
tivistic heavy-ion beams at GSI, where inelastic cross sections for the excitation
of the dipole DGR have been precisely measured. In fig. 2.4 we report the find-
ings of the LAND collaboration (Large Area Neutron Detector). A structure
at 28 ± 1 MeV is clearly observed with a width of about 6 ± 2 MeV and it is
interpreted as a two phonon state, namely a double-GDR. The cross section for
this state is measured to be 175 ± 50 mb.
The theoretically calculated cross sections – when performed within the
framework of the standard harmonic model – systematically underestimate the
experimental data by as much as a factor of two. This unexpected enhancement
of the cross sections puts in evidence shortcomings in either the description of
the structure of the modes or in the formulation of the reaction mechanism.
Attempts to improve over this situation have followed different paths.
Another experiment has been performed for 208Pb on 208Pb at 640 MeV/n
[14]. In this case the double phonon GDR is found at about 23.8 MeV with a
width of about 6 MeV and a cross section of about 350 mb. Again this value is
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Figure 2.4: Experimental inelastic spectra for 136Xe on 208Pb (black squares)
at 700 MeV/n and on 12C (white circles, multiplied by 2). This figure is taken
from [11], for more details see [13].
a factor of two larger that the prediction.
The microscopic understanding of these resonances, for instance, has been
taken beyond the simple superposition of the 1p-1h configurations to include
couplings to 2p-2h, 3p-3h and/or states of higher complexity [15, 16, 17]. Re-
sidual interactions give rise to anharmonicity in the energy spectrum [18] and,
also, appreciable changes in the structure of the wave functions. Recently, a
systematic study of the anharmonicity in the dipole DGR has been carried out
for several nuclei [19]. This study, based on the quasiparticle RPA, has shown
an effect of few hundred keV. The same order of magnitude had been found
in ref. [20] for 208Pb and 40Ca. These effects have been taken into account
in macroscopic models that add small anharmonic contributions [21, 22] to the
otherwise harmonic hamiltonian in the presence of an external time-dependent
field. Depending on the magnitude of these anharmonic terms the inelastic cross
sections for the population of the dipole DGR can reach values which are close
to the experimental data. Microscopic calculations in the context of the RPA
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approximation, have also succeeded in reducing the discrepancy between the
experimental data and the theoretical predictions down to the level of a few per
cent [20]. Another approach to the problem that has been examined [24, 25]
exploits the so-called Brink-Axel hypothesis [23]. It also seems possible, through
this formalism, to obtain enhancements in the population of states in the energy
range around the DGR.
In this chapter we investigate the role of the nuclear coupling in the excitation
of GR’s and DGR’s and its interplay with the long-range Coulomb excitation
mechanism. Furthermore, we study the consequences of the spreading of the
strength distribution of the single giant resonance on the inelastic cross section
for both the GR and DGR. These topics have been previously explored in the
literature. In refs. [26, 27, 28] nuclear and Coulomb interactions where taken
into account for medium-heavy nuclei at low bombarding energy (around 50
MeV/A). While these studies put in evidence interference effects between the
two excitation mechanisms there was no clear resolution concerning what could
be actually attributed to each of them. Also, the role played by the resonances’
width on the reaction cross sections was covered in refs. [29, 30, 25]. The analy-
sis, however, were done only for the case of the Coulomb excitation mechanism
and lead to somewhat ambiguous results.
We will carry on this survey within a simple reaction model that has the
virtue of conforming to the standard treatment of inelastic excitations which is
familiar to many active participants in this field. Our original intention was lim-
ited to investigate the qualitative dependence of the probabilities of excitation
of the Double Giant Resonances as a function of several global parameters such
as the excitation energies, bombarding energies, multipolarity, anharmonicity,
width, etc. In the process of refining the computer programs we used to obtain
these global trends we ended up with a quite transparent and yet powerful tool
that – we believe – can be useful for the experimentalists to make quantitative
predictions for measurements in a wide variety of circumstances. With this very
practical purpose in mind we shall take the width of the states as a free param-
eter. We shall also limit our calculations to the non-relativistic regime and,
for the different examples, consider the excitation of single- and double-phonon
Giant Quadrupole Resonances.
Following this Introduction we describe in Sect. 2.2 the formalism employed
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to make our estimates. Relevant results for the reaction 40Ar + 208Pb are given
with illustrations in Sect. 2.3. The conclusions that can be inferred from these
examples are also the subject of this Section. Some concluding remarks are left
for Sect. 2.4.
2.2 The model
The excitation processes of the one and two-phonon states are calculated within
the framework of the standard semiclassical model of Alder and Winther [31]
for energies below the relativistic limit. According to this model for heavy
ion collisions, the nuclei move along a classical trajectory determined by the
Coulomb plus nuclear interaction. We will explore the energy range from few
MeV up to hundreds of MeV per nucleon. During their classical motion the
nuclei are excited as a consequence of the action of the mean field of one nucleus
on the other. The excitation processes are described according to quantum
mechanics and they are calculated within perturbation theory.
We assume that the colliding nuclei have no structure except for the presence,
in the target, of one and two-phonon states whose energies are E1 and E2 = 2E1,
respectively. For the ion-ion potential we have used the Coulomb potential for
point charged particles and the Saxon-Woods parametrization of the proximity
potential UN (r) that are commonly used in heavy ion collisions [32].
In the theory of multiple excitations the set of coupled equations describing
the evolution of the amplitudes in the different channels can be solved within
the perturbation theory. We can write the probability amplitude to excite the
µ component of the one-phonon state with multipolarity λ as
a
(1)
λµ (t) = (−i/h¯)
∫ ∞
−∞
dtFλµ(r(t), rˆ(t))e
iE1t/h¯ , (2.1)
where the integrals are evaluated along the classical trajectories r(t). In this
equation the main ingredient is the coupling form factor
Fλµ(r(t), rˆ(t)) = fλ(r) Yλµ(rˆ) , (2.2)
chosen according to the standard collective model prescription [33]. For a given
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multipolarity λ the radial part assumes the form
fλ(r) =
3ZpZte
2
(2λ+ 1)RC
βCλ
(
RC
r
)λ+1
− βNλ RT
d
dr
UN(r) . (2.3)
The deformation parameters β determine the strength of the couplings, and
they are normally directly associated with the B(Eλ) transition probability.
The expression for the nuclear component of the form factor is not valid for
λ = 1. In this case the inelastic form factor is obtained from the Goldhaber-
Teller or Jensen-Steinwendel models. The Zp (Zt) denotes the charge number
of the projectile (target), while RC and RT are the Coulomb and matter radii
of the target nucleus.
In a similar way, the amplitude for populating the two-phonon state with
angular momentum L and projection M can be obtained as
a
(2)
LM (t) = (1/h¯)
2
∑
µ
√
(1 + δµ,M−µ)
×
∫ ∞
−∞
dtFλ,M−µ(r(t))e
i(E2−E1)t/h¯
∫ t
−∞
dt′Fλ,µ(r(t
′))eiE1t
′/h¯(2.4)
Solving the classical equation of motion we can calculate for each impact
parameter b the excitation probability P (1)(b) and P (2)(b) to populate the single-
and the double-phonon state. These are given by
P (1)(b) =
∑
µ
|a(1)λµ (t = +∞)|2 (2.5)
and
P (2)(b) =
∑
L
P
(2)
L =
∑
LM
|a(2)LM (t = +∞)|2 . (2.6)
In order to get the corresponding cross sections we have then to integrate the
probabilities P (α)’s (α =1,2)
σα = 2π
∫ ∞
0
P (α)(b)T (b)bdb . (2.7)
Generally, in Coulomb excitation processes the transmission coefficient is taken
equal to a sharp cutoff function θ(b − bmin) and the parameter bmin is chosen
CHAPTER 2. DOUBLE GIANT RESONANCES 17
in such a way that the nuclear contribution is negligible. We want to take into
account also the contribution of the nuclear field so in our case T(b) should be
zero for the values of b corresponding to inner trajectory and then smoothly
going to one in the nuclear surface region. This can be naturally implemented
by introducing an imaginary term in the optical potential which describes the
absorption due to non elastic channels. Then the survival probability associated
with the imaginary potential can be written as
T (b) = exp
{
2
h¯
∫ +∞
−∞
W (r(t))dt
}
, (2.8)
where the integration is done along the classical trajectory. The imaginary part
W (r) of the optical potential was chosen to have the same geometry of the real
part with half its depth.
The excitation processes of both single and double GR can change signifi-
cantly when one takes into account the fact that the strength of the GR is dis-
tributed over an energy range of several MeV. Among the few standard choices
for the single GR strength distribution, we will assume a Gaussian shape, with
a width Γ1 = 2.3σ which we will take as a parameter, of the following form
S(E) =
1√
2πσ
exp
{
−(E − E1)2
2σ2
}
. (2.9)
Calculations have been also performed with a Breit-Wigner shape yielding sim-
ilar trends. However, the Gaussian form guarantees a better localization of the
response and prevents superposition of the modes for the largest widths (for a
further discussion see ref. [17]).
To get the cross section to the one-phonon state one then defines a proba-
bility of excitation per unit of energy,
dP (1)(E, b)/dE = S(E)
∑
µ
|a(1)λµ (E, t = +∞)|2 , (2.10)
where the single amplitudes a
(1)
λµ (E, t) are obtained as before, but with a variable
energy E. The probability of exciting the double-phonon state is then obtained
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by folding the probabilities of single excitation, in the form
dP (2)(E, b)/dE =
∫
dE′
dP (1)(E′, b)
dE
dP (1)(E − E′, b)
dE
. (2.11)
The total cross section for one- and two-phonon states can then be constructed
as
σα = 2π
∫ ∞
0
∫ ∞
0
dPα
dE
(E, b) T (b) b db dE . (2.12)
Due to the Q-value effect it is clear that one expects a distortion in the
shape of the distribution of the cross section which will favor the lower part of
the distribution in energy.
2.3 Results
We show in fig. 2.5 the dependence on the impact parameter of the excita-
tion probabilities for the one- and two-phonon states of the Giant Quadrupole
Resonance in lead. The reaction we have chosen for this illustration is 40Ar
+ 208Pb at a bombarding energy of 40 MeV per nucleon. The deformation
parameters have been chosen equal βC = βN = 0.07, in agreement with the
currently estimated value for the B(E2). The range of impact parameters given
in the figure covers the relevant grazing interval, and in a classical picture (in-
cluding both Coulomb and nuclear fields) yields scattering angles between 3.4
and 5.5 degrees. In the strictly harmonic case the probabilities for excitation of
the double-phonon state can of course be constructed from those correspond-
ing to the single-phonon; they are both explicitly given here for a matter of
later convenience. Each frame displays a set of three curves that allows us to
compare the individual contributions of the Coulomb and nuclear fields to the
excitation process and put in evidence a value of b ≈ 12.5 fm for the maximum
(destructive) interference between the competing mechanisms.
We use the same reaction as in fig.2.5 to illustrate the effect of the reaction
Q-values on the transition probabilities. The dependence of the single-step
inelastic excitation to the one-phonon state of energy E
GQR
and the sequential
process feeding the double-phonon state at twice this value are shown in fig.2.6.
As before, the three curves in each frame display the separate contributions
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Figure 2.5: Excitation probability vs. impact parameter for the one- (left part)
and two-phonon (right part) states of the GQR in lead for the reaction 40Ar
+ 208Pb at 40 MeV/A. The Coulomb (dot-dashed line) and nuclear (dashed)
probabilities are displayed as well as the total (solid line). The curves on the
right part have been multiplied by 30.
of the Coulomb and nuclear fields and the combined total. Two values of the
impact parameter have been chosen specifically to cover a situation of nuclear
(b=12 fm) and Coulomb (b=13 fm) dominance. The results show – even in a
linear scale – a somewhat moderate dependence with the frequency of the mode.
This is due to the relatively high bombarding energy chosen in this example, for
which the time-dependence of both the Coulomb and nuclear excitation fields
are quite well-tuned to the intrinsic response.
There is a qualitative difference in the effective collision time for Coulomb
and nuclear inelastic processes that is worth mentioning. We refer to the de-
pendence, for a given bombarding energy, of the excitation probabilities for the
one- and two-phonon states on the impact parameter. Because of the long range
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Figure 2.6: Excitation probabilities as function of the GQR energy, which
is taken as a parameter, for the reaction 40Ar + 208Pb at 40 MeV/A. The
graphs on the left correspond to the excitation probability of the single GQR
(P (1)) while the ones on the right correspond to DGQR (P (2)) and they are
multiplied by a factor 10. The Coulomb (dash-dotted line) and nuclear (dashed)
probabilities are displayed as well as the total (solid line). The upper (lower)
figures correspond to an impact parameter of 12 (13) fm.
of the formfactors the change of the effective collision time τ for Coulomb exci-
tation follows a different law than the one corresponding to the nuclear inelastic
processes. It can be estimated that τ
C
/τ
N
≈ Aλ
√
b, where the proportionality
factor Aλ is a monotonically decreasing function of the multipolarity λ. For all
multipolarities, however, τ
C
is larger than τ
N
. It follows from these arguments
that the adiabatic cut-off function that affects the transition amplitudes for
Coulomb excitation varies significantly over the large range of impact parame-
ters that contributes to this process. For the nuclear field a favorable matching
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Figure 2.7: Excitation probability for the single GQR as a function of the
GQR energy for three values of impact parameters. They have been normalized
to their values at EGQR = 0. The upper curves correspond to the excitation
probability due only to the nuclear field. The probabilities calculated only with
the Coulomb field are shown in the lower part of the picture. They have been
divided by 10 in order to render the figure readable.
between effective collision times and the intrinsic period of the mode applies, on
the other hand, to most of the relevant partial waves. This can be understood
by examining fig. 2.7 , where the probability for excitation of the one-phonon
level is plotted as a function of the energy of the mode for three impact pa-
rameters, b=10, 15 and 20 fm. Two sets of curves are shown, corresponding to
Coulomb and nuclear excitation only. In both instances the probabilities are
normalized to their values for E
GQR
=0 MeV to emphasize the different char-
acter of the response. Notice, for instance, that for E
GQR
=20 MeV the role of
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Figure 2.8: Excitation probability as a function of incident energy of the one-
(upper part) and two-phonon (lower part) states of the GQR in lead for the
reaction 40Ar + 208Pb for an impact parameter of 12.5 fm. The Coulomb (dot-
dashed line) and nuclear (dashed) probabilities are displayed as well as the total
one (solid line). The curves on the lower part have been multiplied by 100.
the Coulomb field for b=20 fm would be effectively quenched by two orders of
magnitude in spite of its long range. (This is of course in addition to the gradual
reduction of the transition amplitudes caused by the slow r−(λ+1) dependence
of the couplings.)
We use fig.2.8 to illustrate the dependence of the excitation probabilities
upon the bombarding energy. For this we take a value of E
GQR
=11 MeV, close
to the actual excitation energy of the Giant Quadrupole Resonance in lead.
The impact parameter b is set to 12.5 fm, which provides the condition in which
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Figure 2.9: Coulomb excitation probability for the one-phonon state as a func-
tion of the Q-value and for four different incident energies as shown in the legend.
The curves correspond to calculations done for an impact parameter b=12 fm.
The vertical line indicates the GQR energy for lead.
the importance of the Coulomb and nuclear excitations become comparable.
Of course it is also the choice of impact parameter that yields the maximum
(negative) interference between the two reaction mechanisms. What we see is a
rapid increase of the probabilities for the one-phonon and two-phonon levels up
to a bombarding energy of about 50 MeV/nucleon. After that a gradual decline
sets in up to about 400 MeV/nucleon, an energy beyond which a relativistic
formalism must be implemented. The trend, however, is not to be significantly
altered and, in view of these results one cannot but wonder about the actual
need of exploiting relativistic bombarding energies to probe the excitation of
double-phonon giant resonances in nuclei. In principle, and entirely from an
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Figure 2.10: Excitation cross section for the GQR (upper figure) and DGQR
state (lower figure) as a function of the incident energy. Again, the Coulomb
(dot-dashed line), nuclear (dashed line) and total (solid line) contributions are
shown.
adiabatic point of view, the higher the bombarding energy the better. Yet,
optimal matching conditions reach saturation and one cannot ignore the fact
that, beyond this point, one can no longer expect a further enhancement of the
excitation probabilities. Quite on the contrary, the interaction time is effectively
reduced up to a point where (as the figure shows) the excitation of the modes
becomes less and less favored (see caption to fig. 2.9 and, also, ref. [30]).
In fig.2.10 we display the cross section for the excitation of the GQR and
DGQR as a function of the bombarding energy in MeV per nucleon. This
observable quantity combines the effect of all impact parameters and the plot
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Figure 2.11: Normalized distributions of Coulomb excitation probability for the
one-phonon state for different impact parameters (upper figure) and bombarding
energies (lower figure) as shown in the legend. The shaded area shows the
Gaussian strength distribution used as input in the calculation. The width has
been chosen to be 4 MeV.
puts in evidence a quite interesting feature. Notice that at all bombarding
energies the population of the one-phonon state is dominated by the Coulomb
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Figure 2.12: Cross section distribution for the reaction 40Ar + 208Pb at 40
MeV/A for three values of the width as indicated in the legend. The contri-
butions of the Coulomb (C), nuclear (N) and total (N+C) cross sections are
shown in single graphs. The cross sections for DGQR are multiplied by the
factors reported in the figure.
formfactors. At the two-phonon level, on the other hand, it is mostly the nuclear
coupling that determines the outcome. To understand the origin of this exchange
of roles it may be helpful to re-examine fig.2.5. We have here to pay attention to
the dependence of the ratio between the probabilities for nuclear and Coulomb
excitation in the relevant range of impact parameters, 11-13 fm. (To this end
the display factor of 30 introduced for the case of the two-phonon state is of no
consequence.) The enhanced logarithmic slopes for the DGQR resulting from
the squaring of the one-phonon probabilities suffice to give the leading edge to
the nuclear couplings. This realization has major consequences insofar as the
global properties of the excitation of the GQR and DGQR is concerned. In fact,
the transition probabilities will inevitably reflect the different characteristics of
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Figure 2.13: Total cross sections for the excitation of GQR (solid line) and
of DGQR (dashed line) as a function of the strength distribution width Γ1 of
the single GQR for the reaction 40Ar + 208Pb at 30MeV/A. In the graphs we
report the cross sections due to the Coulomb field (upper) and total (lower), each
of them divided by their corresponding value for sharp distribution (Γ1 = 0).
We have not reported the nuclear contribution because the cross sections for
both GQR and DGQR do not change appreciably when a finite distribution is
assumed.
the reaction mechanism that it is mostly responsible for the population of one
state or the other.
Q-value considerations have such a pronounced effect on the excitation prob-
abilities that it is clear that they will play an important role when one takes
into account the sizable width of the one- and two-phonon states. Suppose
that instead of having the total strength of the mode at a fixed value E
GQR
we distribute it with the profile of a Gaussian distribution of width Γ. If the
energy of the mode is quite off the optimal Q-value window one should expect
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Figure 2.14: Same as fig. 2.13 as a function of the bombarding energy. The
strength distribution width has been chosen equal to 4 MeV.
that the distribution of measured cross sections will follow a quite different law.
In fact, whenever the dynamic response in the vicinity of E
GQR
is a rapidly
changing function of the energy (see, for instance, fig. 2.9 for E=10 MeV/A)
the experimental distribution will be significantly distorted and shifted toward
lower energies. We illustrate this aspect in fig. 2.11, where the distribution of
Coulomb excitation probabilities for the one-phonon state, dP (1)/dE, is shown
for different impact parameters and bombarding energies. In each frame the
shaded curve shows the Gaussian distribution of strength that is the input to
the calculation. Notice that all distributions have been normalized in order to
emphasize the effect of interest and to eliminate the over-all dependence on b
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and E discussed earlier. As it follows from our considerations one can easily see
that the smaller distortion corresponds indeed to the smaller impact parameters
and/or the larger bombarding energies.
The distortion of the line profile at the one-phonon level increases as a func-
tion of the width Γ, as it is clearly seen in fig. 2.12, where reaction cross sections
(i.e. the result of an integration over impact parameters) are shown for a typical
value of the bombarding energy. For the larger width Γ=6 MeV the apparent
shift of the distribution is large enough as to place most of the cross section
outside of the initial range set by the Gaussian curve. The effect seems to be
more noticeable at the two-phonon level, as shown on the right-hand-side of
the figure. According to our previous discussion, it is the Coulomb excitation
mechanism that contributes most to the difference between the strength and
cross section profiles.
From the energy distributions displayed in fig.2.12 one can calculate the total
one- and two-phonon cross sections, by integrating over the excitation energy.
The global effect of the finite width is shown in fig. 2.13, where the total cross
sections for different values of the width are compared with the corresponding
values for sharp resonances. The enhanced excitation in the lower part of the
distribution leads to a global enhancement in the case of the Coulomb field.
As a consequence, a corresponding enhancement is present in the combined
Coulomb+nuclear case in the one-phonon excitation, which is dominated by
the Coulomb interaction. On the contrary, being the two-phonon cross section
predominantly due to the nuclear process, no appreciable variation is predicted
for this case with finite values of the width.
Since the effect of the width arises from the Q-value kinematic matching
conditions, variations are expected with the bombarding energy. In particular
one expects that the effects will tend to vanish at high bombarding energies.
This is illustrated in fig. 2.14, where the total one- and two-phonon cross sections
for Γ = 4 MeV are compared to the corresponding values for Γ = 0 as a function
of the incident energy.
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2.4 Conclusions and remarks
We have implemented a simple scheme to calculate the excitation probabilities
for the single and double Giant Resonance as a function of several global pa-
rameters such as excitation energies, bombarding energies, width etc. We have
assumed that the colliding nuclei have no structure except for the presence, in
the target, of one and two-phonon states. The excitation processes have been-
calculated within a semiclassical model and according to perturbation theory.
Since both nuclear and Coulomb interaction are taken into account the cross
sections are calculated by integrating over all range of impact parameter with
an imaginary potential that takes care of the inner trajectories. The formalism
has been applied to the excitation of giant resonances in a typical heavy ion
reaction, 40Ar + 208Pb. In our examples, we have limited our calculation to the
giant quadrupole resonance.
The role of the nuclear interaction and its interplay with the long-ranged
Coulomb field has been studied. The presence of nuclear coupling modifies the
mechanism excitation of both the GR and the DGR, the effect being strongly
evident in the latter. This has been ascribed to the difference in the effective col-
lision time which, together with the qualitative r dependence of the form factors,
produces a different dependence of the transition probabilities on the reaction
Q-value. Hence, the excitation of GR is dominated by the Coulomb interaction
while it is mostly the nuclear coupling which determines the population of the
DGR.
We have also studied the consequences of the spreading of the strength dis-
tribution of the single giant resonance on the inelastic excitation of the GR
and DGR. Q-value considerations play an important role when the width of
the one- and two-phonon states are considered. Cross section dependence on
both the width of the distribution and the incident energy has been considered.
When compared with the corresponding values for sharp resonances, the cross
sections for GR and DGR calculated with only the Coulomb field increase as Γ
increases. These results are qualitatively similar to the one obtained in ref. [25]
where the relativistic Coulomb excitation of dipole giant resonance (GDR) and
double GDR are calculated within a random matrix theory including the Brink-
Axel hypothesis. When the nuclear interaction is switched on, the enhancement
for the single GR is maintained while the two-phonon cross section presents no
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variation with the case of finite value of the width. Also for the dependence on
the incident energies has been found the same trend. This is due to the fact that
the two-phonon cross section is predominantly governed by nuclear processes.
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Chapter 3
Giant Pairing Vibrations
3.1 Introduction.
Conventional giant resonances, that have been discussed in the last chapter and
that will form the subject of the fourth chapter, may be considered as collective
modes where a significant part of the constituents of the nucleus oscillates or
moves together. In a microscopic picture giant resonances, corresponding to
surface vibrations, can be viewed as coherent particle-hole excitations to high-
lying states, where the transition matrix elements receive in-phase contributions
from all the various possible configurations. The amount of collectivity is de-
termined by the values of the matrix elements of the appropriate transition
operator. In this chapter we will concentrate on a collective mode of a different
kind, that nevertheless may be studied exploiting a number of analogies with
the well-known case. The formal analogy between particle-hole and particle-
particle excitations is well established as well as the use of a one-body pair field
33
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(see fig. 3.1 for a schematic illustration) and may be brought to the concept
of high-lying two particle excitation (populated via two-particle transfer reac-
tions). In this way the giant mode acquires its collectivity from the coherent
superposition of all the possible two-particle configurations. This mode is called
Giant Pairing Vibration and is created by the action of the pairing field in the
very same way in which low-lying 0+ pairing vibrations are encountered in the
excitation of closed shell nuclei and their vicinity. The analogy between shape
rotations and vibrations and pairing rotations and vibrations may be carried
quite far. In closed shell nuclei strongly enhanced L = 0 transitions mani-
fest themselves following a vibrational pattern, in which a pair of transferred
particle change the number of phonons by one, and two types of phonons are
present because two nucleons can either be added or removed). In mid-shell
nuclei a series of ground state transitions is seen between monopole states that
follows a rotational scheme. While the low-lying pairing states have been sis-
tematically seen, the corresponding giant mode is still awaiting an experimental
confirmation. Certainly these states are embedded in the continuum and the
large background produced by other states, with all possible multipolarities,
makes difficult their identification in experiments.
Large efforts have been recently dedicated to the study of different aspects of
reaction mechanism in collisions induced by weakly-bound radioactive beams.
The long tails of the one-particle transfer form factors due to the weak bind-
ing, associated with the possibility of unusual behaviour of pairing interaction
in diluted systems, has raised novel interest in the possibility of studying the
pair field via two-particle transfer processes with unstable beams [34]. On the
other hand, in transfer reactions induced by weakly bound projectiles on stable
targets, the Q-values for the low-lying states will be very large (typically of the
order of 10-15 MeV for the (6He,4He) stripping reaction). This will strongly
hinder these processes for reactions where the semi-classical optimum matching
conditions apply, as it is the case of bombarding energies around the Coulomb
barrier on heavy target nuclei. Higher bombarding energies, where the matching
conditions are less stringent, may on the other hand not be suitable because of
large break-up cross sections. The same matching conditions will favour instead
the population of highly excited states, as the Giant Pairing Vibrations (GPV),
and the use of Radioactive Ion Beams (RIB) may therefore become instrumental
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Figure 3.1: Formal analogy between particle-hole (a) and particle-particle (b)
or hole-hole (c) excitations. The one body field that acts in the last two cases
is the pairing field.
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in offering the opportunity of studying nuclear structure aspects that are not
usually accessible with stable projectiles. These Giant Pairing Vibrations are
in fact predicted [35] to have strong collective features, but their observation
may have so far failed [36] because of large mismatch in reactions induced by
protons or tritons, at variance to the case of the low-lying pairing vibrations,
which have been intensively and successfully studied around closed shell nuclei
in two-particle transfer reactions [37]. All these 0+ states are associated with
vibrations of the Fermi surface and are described in a microscopic basis of the
shell model as correlated two particle- two hole states. In the case of the Giant
Pairing Vibrations the excitation involves the promotion of a pair of particles
(or holes) in the next major shell (hence an excitation energy around 2h¯ω) and is
expected to display a collective pairing strength comparable with the low-lying
vibrations. The predicted concentration of strength of a L = 0 character in the
high-energy region (8-15 MeV for most nuclei) is understood microscopically as
the coherent superposition of 2p (or 2h) states in the next major shell above
the Fermi level. With a Random Phase Approximation in mind (or even with a
simpler Tamm-Dancoff approximation), one may solve the secular problem for
an hamiltonian consisting simply of a kinetic operator. All the possible energies
obtained by placing two particles in the obtained single-particle energy level
scheme may be called unperturbed energies. Once a pairing interaction (with
constant strength, to fix the ideas) is added to this hamiltonian the solution of
the secular equation may be drawn and the corresponding dispersion relation
may be depicted as in Fig. (3.2). The Giant Pairing Vibration is the collective
mode that is seen in the energy gap between the first and the second major
shell.
Also in the case of superfluid systems in an open shell the system is expected
to display a collective high-lying state, that in this case collects its strength from
the unperturbed two-quasiparticle 0+ states with energy 2h¯ω. To investigate
this possibility we made estimates of cross sections to the Giant Pairing Vibra-
tions in two-particle transfer reactions, comparing the cases of bound or weakly-
bound projectiles. As examples we have considered the case of (14C,12C), from
one side, and the case of (6He,4He) as representative of a reaction induced by a
weakly-bound ion. As targets, we have chosen the popular cases of the lead and
tin regions (so considering both “normal” and “superfluid” nuclei). To perform
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Figure 3.2: Raw picture of the dispersion relation. The two bunches of vertical
lines represent the unperturbed energy of a pair of particles placed in a given
single particle energy level. The graphical solutions of the secular equation are
the intersection of the horizontal line (1/G) with the curves. The GPV is the
collective state relative to the second major shell.
the calculation, we will first evaluate the response to the pairing operator in
the RPA, including both the low-lying and high-lying pairing vibrations. As a
following step we will then construct two-neutron transfer form factors, using
the “macroscopic” model for pair-transfer processes. Finally, estimates of cross
sections will be given using standard DWBA techniques. As we will see, in the
case of the stripping reaction induced by 6He, the population of the GPV is
expected to display cross sections of the order of a millibarn, dominating over
the mismatched transition to the ground state.
This chapter is organized as follows. In the next section we discuss the
theoretical formalism used for normal and for superfluid nuclei. In section 3.3
we recall the basics aspects of the macroscopic form factors for two-particle
transfer reactions and in section 3.4 we display the results of calculations for
the paradigmatic examples of 208Pb and 116Sn.
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3.2 The pairing response and the Giant Pairing
Vibration.
A simple way of displaying the amount of pairing correlations is in terms of the
pair transfer transition densities [38]. These are defined as matrix elements of
the pair density operator connecting the ground state in nucleus A with the
generic 0+ state |n〉 in nucleus A± 2, namely
δρP (r) = 〈n|ρˆP |0〉, (3.1)
where the generalized density operator is given by
ρˆP (r) =
∑
α
√
2j + 1
4π
Rα(r)Rα(r)([a
†
αa
†
α]00 + [aαaα]00). (3.2)
Here Rα(r) are the radial wave functions of the α = {nlj} level and the sum
runs over both particle and hole levels. The pair transfer strength to each final
state can be obtained from the corresponding pair transfer transition density
by simple quadrature, namely
βP =
∫
4πr2δρP dr. (3.3)
For normal systems around closed shell the strong L=0 transition follows
a vibrational scheme, where the correlated pair of fermions (pairing phonon)
change by one [39]. In this case, there are two types of phonons associated
with the stripping and pick-up reactions. The two-particle collective state is
called ”addition” pairing phonon while the two-holes correlated state is known
as ”removal” pairing phonon. From a microscopic point of view the two kind
of phonons, corresponding to the (A ± 2) nuclei can be described in terms of
the two-particle (two-hole) states of the Tamm Dancoff Approximation(TDA)
or in a better way by a Random Phase Approximation (RPA). We start from a
hamiltonian with a Monopole Pairing interaction:
H =
∑
j
ǫja
†
jaj −G4πP †P, (3.4)
CHAPTER 3. GIANT PAIRING VIBRATIONS 39
where
P † =
∑
j1≤j2
M(j1, j2)√
1 + δj1j2
[
a†j1a
†
j2
]
00
. (3.5)
Here the a†j creates a particle in an orbital j, where j stands for all the needed
quantum numbers of the level. The constant G is the strength of the pairing
interaction and the coefficients M(j1, j2) are:
M(j1, j2) =
〈j1||f(r)Y00(θ, φ)||j2〉√
1 + δj1j2
, (3.6)
where the detailed radial dependence of f(r) is taken to be of the form rL and in
our case is a constant since we are dealing only with L = 0 states. The pairing
phonons, that is to say the quanta associated with the two collective modes of
the above hamiltonian, are defined for closed shell nuclei as:
|n, 2p〉 = Γ†n,2p|0〉RPA =
=
(∑
kXn(k)[a
†
ka
†
k]00 +
∑
i Yn(i)[a
†
ia
†
i ]00
)
| 0〉RPA
|n, 2h〉 = Γ†n,2h|0〉RPA = Γn,2p|0〉RPA
=
(∑
iXn(i)[aiai]00 +
∑
k Yn(k)[akak]00
)
| 0〉RPA ,
(3.7)
where k(i) stands for levels above (below) the Fermi level. The index j runs over
both particle and hole levels. We have indicated with | 0〉RPA the correlated
RPA vacuum. It represents the ground state with respect to the boson annihi-
lation operator Γ†n,2h | 0〉RPA = 0. The definitions of Xn and Yn (called forward
and backward amplitudes) are the standard ones and come from the solution
of the RPA equation. They may be found in [39]. Within this model the pair
transfer strength associated with each RPA state is microscopically given by
βPn =
∑
j
√
2j + 1[Xn(j) + Yn(j)]. (3.8)
In Fig. 1a we display the predicted pairing response in the case of 206Pb, namely
two-neutron holes with respect to the double magic 208Pb. The set of single-
particle levels that has been used in the RPA calculation, was obtained using
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the spherical harmonic oscillator levels with corrections due to the centrifugal
and spin-orbit interactions [40]
E
h¯ω
= N +
3
2
− µ
(
l(l + 1)− N(N + 3)
2
)
+K (3.9)
K =
{
−κl for j = l + 1/2
−κ(l + 1) for j = l − 1/2
,
where h¯ω = 41A−
1
3 , A is the mass number of the nucleus, N is the principal
quantum number and j, l are the total and orbital angular momentum quantum
numbers, respectively. The quantities κ and µ are parameters chosen to obtain
the best fit for each nucleus [41]. We have included in the calculation all the
single-particle levels starting from N = 0 up to 10. This set is expected to be
good enough for our calculation of the Giant Pairing Resonance, except for the
levels around the Fermi surface. In the lead region we prefer to use experimental
values for the shells just above and below the Fermi surface [52]. The Figure
shows, in addition to the strong collectivity associated with the ground state
transition, a strong collective state with about half of the g.s. strength at high
excitation energy, around 16 MeV, which can be interpreted as the Giant Pairing
Vibration. Similar situation is shown in Fig. 1b for the corresponding two-
neutron addition states in the 210Pb. Again one may interpret the strength at
about 12MeV as associated with the giant mode. Note that in both addition and
removal cases, the contribution of the backward amplitudes to the wavefunction
is found to be roughly equivalent to 5-10% in the ground state, while in the
GPV this contribution reduces to less than 1%.
We consider now the case of superfluid spherical-nuclei. In this case we make
a BCS transformation of the hamiltonian defined in Eq. [3.4] changing from
particle to quasiparticle operators, introducing the usual occupation parame-
ters. We start from a single-quasiparticle Hamiltonian plus a two-quasiparticle
interaction corresponding to the residual H22 +H40 of the pairing force
H =
∑
j
Ejα
†
jαj + 2πG
∑
j1j2
M(j1, j1)M(j2, j2)·
·
{
(U2j1U
2
j2 + V
2
j1V
2
j2)[α
†
j1
α†j1 ]00[αj2αj2 ]00 − U2j1V 2j2 [α
†
j1
α†j1 ]00[α
†
j2
α†j2 ]00
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Figure 3.3: Pairing response for the removal (upper panel) and addition (lower
panel) mode in 208Pb. The ground state transition and the candidate for GPV
are evidenced.
− V 2j1U2j2 [αj1αj1 ]00[αj2αj2 ]00
}
, (3.10)
where
α†j = Uja
†
j − Vjaj¯ (3.11)
U2j =
1
2
(
1 +
ǫ˜j
Ej
)
(3.12)
V 2j =
1
2
(
1− ǫ˜j
Ej
)
. (3.13)
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The energies Ej =
√
ǫ˜2j +∆
2 are the quasi-particle energies, and ǫ˜j = ǫ− λ are
the single-particle energies with respect to the chemical potential λ and ∆ is
the BCS gap. As usual we have defined aj¯ ≡ a ¯jm = (−1)j−maj,−m.
For superfluid systems the addition and removal RPA phonons cannot be
treated separately. The dispersion relation, that relates the strength of the in-
teraction with the energy-roots of the RPA, becomes a two by two determinant.
From the RPA equations:
Γ†n =
∑
j
(
Xn(j)[α
†
jα
†
j ]00 + Yn(j)[αjαj ]00
)
(3.14)
[
H,Γ†n
]
= ωnΓ
†
n, (3.15)[
Γn′ ,Γ
†
n
]
= δnn′ (3.16)
we can obtain the following factors
x =
∑
j1≤j2
|M(j1j2)|2
[
U2j1U
2
j2
Ej1 + Ej2 − ωn
+
V 2j1V
2
j2
Ej1 + Ej2 + ωn
]
(3.17)
y =
∑
j1≤j2
|M(j1j2)|2
[
V 2j1V
2
j2
Ej1 + Ej2 − ωn
+
U2j1U
2
j2
Ej1 + Ej2 + ωn
]
(3.18)
z =
∑
j1≤j2
|M(j1j2)|2(Uj1Vj2Uj2Vj1)[
1
Ej1 + Ej2 − ωn
+
1
Ej1 + Ej2 + ωn
]
, (3.19)
and the dispersion relation is in this case:
∣∣∣∣ (1 − 4πGx) 4πGz4πGz (1− 4πGy)
∣∣∣∣ = 0. (3.20)
From this determinant the following relation is obtained
4πG =
[ (x+ y)
2
±
√
(x+ y)2
4
+ z2
] 1
(xy − z2) (3.21)
It can be shown that ω = 0 is solution of that equation and correspond to
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the Goldstone boson corresponding to the breaking of the number of particle
symmetry. Once we have obtained the energies ωn of the different RPA roots,
we can write the components of the RPA phonon in the form:
Xn(j, j) =
4πGM(j, j)
Ej + Ej − ωn
(
U2j + V
2
j
4πGz
(1− 4πGy)
)
Λn
Yn(j, j) =
4πGM(j, j)
Ej + Ej + ωn
(
U2j
4πGz
(1 − 4πGy) + V
2
j
)
Λn,
(3.22)
where Λn is determined by normalizing the phonon corresponding to the n−th
root of the RPA. The normalization condition reads
∑
j
[X2n(j)− Y 2n (j)] = 1. (3.23)
Finally, we can obtain for each state n the pairing strength parameter βP with
the following formulae:
βP (2p) =
∑
j
√
2j + 1〈n|[a†ja†j ]00|0〉 =
=
∑
j
√
2j + 1[U2jXn(j) + V
2
j Yn(j)],
βP (2h) =
∑
j
√
2j + 1〈n|[ajaj ]00|0〉 =
=
∑
j
√
2j + 1[V 2j Xn(j) + U
2
j Yn(j)]. (3.24)
From the two equations above one recovers the four contribution to formula (3.8)
by putting U = 0 and V = 1 when j is below the Fermi level and by putting
U = 1 and V = 0 when j is above. The predictions of the pairing strength
distribution for the superfluid system 116Sn are shown in the two panels of Fig.
2. For the calculation we have used the single-particle levels from Ref. [43].
These last ones have been proved to give good results in BCS calculations using
a pairing strength G = g/A, where g ≃ 20MeV . We assume that the rest of the
levels have occupation probability 1(0) if they are far below(above) the Fermi
surface. The change of the single particle energies around the Fermi surface
has been done, in both cases, taking care of keeping the energy-centroids of the
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Figure 3.4: Pairing response for the removal (upper panel) and addition (lower
panel) mode in 116Sn. The ground state transition and the candidate for GPV
are evidenced.
exchanged levels in the same position. The figure clearly shows the occurrence
of high-lying strength which can be associated with the Giant Pairing Vibration.
Note that,with respect to the case of 208Pb, there is a minor fragmentation of
the strength both in the low-lying and in the high-lying energy region.
We also report in Fig. (3) a number of analogous results for other commonly
studied targets with the aim of giving some indications to experimentalists on
the reasons why we think that lead and tin are some of the most promising
candidates. We have studied two isotopes of calcium with closed shells. Even if
the absolute magnitudes of the βP is lower, it is worthwhile noticing that some
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enhancement is seen in the more neutron-rich 48Ca with respect to 40Ca. An
important role in this change is certainly due to the different shell structure of
the two nuclei as well as to the scheme that we implemented to obtain the set of
single particle levels. The latter is responsible for the collectivity of the removal
modes in both Ca isotopes and also for the difficulty in finding out a collective
state in the addition modes. We display also results for 90Zr where the strength
is much more fragmented and the identification of the GPV is more difficult. In
the work of Broglia and Bes estimates for the energy of the pairing resonance
are given as 68/A1/3 MeV and 72/A1/3 MeV for normal and superfluid systems
respectively. Our figures follow roughly these prescriptions based on simple
arguments (and much more grounded in the case of normal nuclei) as evident
from Table 3.1.
Nucleus Our calculation Broglia & Bes estimate
Sn 12.68 MeV 14.76 MeV
Pb 11.81 MeV 11.47 MeV
Table 3.1: Comparison of position of GPV between our calculation and the
Broglia and Bes estimate.
3.2.1 Energy-weighted sum rule
Before turning to macroscopic model we want to remind that some attempts
to introduce sum rules for two-particle transfer reactions have been tried until
the formulation of sum rules in terms of elementary modes of excitation of the
target alone [44]. Introducing the operator
Fˆ † =
∑
〈α | F | α〉[a†α, a†α]0 (3.25)
and its hermitian conjugate, where F =
∑
f(rk)Y00(θk, φk) is a particle transfer
monopole field, we can find an energy-weighted sum rule from the expectation
value of a double commutator of the hamiltonian with Fˆ = (Fˆ + Fˆ †)/2 (an
hermitian combination of the operators above that conserves the number of
particles only as an average). The sum rule reads:
S = 2〈0 | [FˆH , [Hˆ, FˆH]] | 0〉 =
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Figure 3.5: Pairing response for removal and addition mode in 40Ca, 48Ca and
90Zr.
CHAPTER 3. GIANT PAIRING VIBRATIONS 47
=
∑
(En+ − E0) | 〈n+ | Fˆ † | 0〉 |2 +
+
∑
(En− − E0) | 〈n− | Fˆ † | 0〉 |2 (3.26)
where En± are the energies of the states in the systems with mass (A± 2) and
E0 is the energy of the reference state in the starting A system.
3.3 Macroscopic form factors for two-particle
transfer reactions.
The description of the reaction mechanism associated with the transfer of a pair
of particles in heavy ion reactions has always been a rather complex issue. In
the limit in which the field responsible for the transfer process is the one-body
field generated by one of the partners of the reactions, at least for simple config-
urations the leading order process is the successive transfer of single particles.
In this framework the collective features induced by the pairing interaction arise
from the coherence of different paths in the intermediate (A+1 , A–1) channel
due to the correlation present in the final (A+2) and (A–2) states. The ac-
tual implementation of such a scheme may turn out not to be a simple task,
due to the large number of active intermediate states, and the use of a simpler
approach may be desirable. This is offered, for example, by the “macroscopic
model” for two-particle transfer reactions, that parallels the formalism used to
describe the inelastic excitation of collective surface modes. The starting point
of the ’macroscopic model’ for two particle transfer reactions is to push further
the analogy of the vibrations of the nuclear surface with the ’vibrations’ across
different mass partitions. If one imagine an idealized space in which a discrete
coordinate (the number of particles of the system) labels different sections of
the space, it is plausible to give an interpretation of pairing modes as back
and forth oscillations in the number of particles, as in Fig. 3.6. The role of
macroscopic variable in this game is played by the quantity ∆A, that is the
difference in mass from the initial mass partition. The fundamental idea of the
macroscopic model for the inelastic excitations is to interpret the superposition
of particle-hole excitations as representing a state of collective motion in which
the systems deviates from its spherical equilibrium shape. In that case, as an
alternative to the (more correct) microscopic description based on a superposi-
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tion of particle-hole excitations, one has traditionally resorted to collective form
factors of the form [45]
Fλ(r) = βλR
dU
dr
, (3.27)
in terms of the radial variation of the ion-ion optical potential U induced by the
surface vibrations, with the strength parameter βλ obtained from the strength of
the B(Eλ) transition. To generalize these concepts to the pair transfer processes
we need to fulfill a number of important requirements. A couple of generalized
particle-particle transition densities must be introduced to deal with addition
and removal reactions (δρ+P and δρ
−
P ). An interpretation of these in terms of
operator with a one-body character should be given in order to be effective.
In the case of the pair transfer, the vibration is the fluctuation of the Fermi
surface with respect to the change in the number A of particles, and the corre-
sponding form factor FP is assumed to have the parallel form [38]
FP (r) = βP
dU
dA
, (3.28)
in terms of the “pairing deformation” parameter βP associated with that par-
ticular transition, defined in the previous section. The assumption of simple
scaling law between nuclear radius R and mass number A allows to rewrite the
two-particle transfer form factor into an expression which is formally equivalent
Figure 3.6: Pictorial representation of an oscillation in mass between different
L = 0 states. The macroscopic variable is the difference in mass from the initial
mass partition.
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to the one for inelastic excitation, namely
FP (r) =
βP
3A
R
dU
dr
. (3.29)
This formalism has been successfully applied to quite a number of two-particle
transfer reactions [46, 47]. As in the case of inelastic excitations, macroscopic
collective form-factors may in some cases only give a rough estimate to the
data, requiring more elaborate microscopic descriptions. Nonetheless, the use
of simple macroscopic form factors is of unquestionable usefulness in making
predictions, in particular in cases, as the one we are discussing, where exper-
imental data are not yet available and estimates are needed in order to plan
future experiments.
3.4 Applications: estimates of two-neutron
transfer cross sections.
In order to evidence the possible role of unstable beams in the study of high-
lying pairing states, we compare in this section two-particle transfer reactions
induced either by a traditionally available beam (e.g. the (14C, 12C)) or by
a more exotic beam (e.g. the reaction (6He, 4He)). As a target, we have
considered the two cases of 208Pb and 116Sn, as representative cases of normal
and superfluid systems in the pairing channels. A typical reaction scheme
is shown in fig. 3.7 where in a pictorial way the phenomenon is illustrated.
During the process the neutrons are transferred from the projectile to neutron
single-particle states of the target, leaving an α particle (or 12C) in the exit
channel.
For the semiclassical description to be valid, the Sommerfeld parameter needs
to be larger tan unity. This is certainly the case here where the product of the
charges of the colliding nuclei are big and the c.m. energy is around the Coulomb
barrier. In this case the transfer cross-section may be factorized in the prod-
uct of the scattering cross-section, of the transfer probability and of a quantal
correction factor. This correction factor, or matching factor, is important when-
ever the orbits of the initial and final systems (or the donor and acceptor, in
the case of a transfer process) have differences in the variables that characterize
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Figure 3.7: Scheme of the two neutron transfer reaction (6He,4He). The neu-
trons are transferred to single-particle orbits of the target.
the scattering orbit [48, 49, 34]. The matching factor may be written in the
following way
F (Q,L) = exp
[−c21(∆Q − c2∆L)] (3.30)
where the energy matching condition and the tranferred momentum matching
condition are taken into account via ∆Q and ∆L, respectively. Since here we
are dealing with transitions between monopole states the transferred angular
momentum is zero, ∆L = 0, and thus the highest transition cross-section will
be obtained if the quantal correction factor is the higest possible (equal to unity)
and therefore the optimum Q-value for this kind of process is ∆Q = 0.
In both cases, we have considered the full pairing L=0 response, e.g. all
transitions to 0+ states in 210Pb and 118Sn, as described in Sect 2. The Q-
values corresponding to the transitions to the ground-states and to the GPV
states are displayed in Table 3.2.
Let us consider in greater detail the energy balance in one case for illustative
purpose. The projectile and target subsystems are displayed in fig. 3.8 where
the initial and final configurations are seen.
About 1 MeV is needed for the projectile to ’break’, but the lowest 0+
states of the target are some MeV higher that the ground state. The remaining
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14C→ 12C 6He→4 He
116Sn→ 118Sngs 3.15 MeV 15.298 MeV
208Pb→ 210Pbgs -4 MeV 8.148 MeV
116Sn→ 118SnGPV -6.746 MeV 5.402 MeV
208Pb→ 210PbGPV -15.81 MeV -3.662 MeV
Table 3.2: Q-values for ground-state and GPV transitions. The target (column)
and projectile (row) are specified.
14C→ 12C 6He→4 He
116Sn→ 118Sngs 19.4 mb 0.4 mb
208Pb→ 210Pbgs 15.3 mb 1.8 mb
116Sn→ 118SnGPV 0.14 mb 2.4 mb
208Pb→ 210PbGPV 0.04 mb 3.1 mb
Table 3.3: Cross-sections for ground-state and GPV transitions obtained with
the DWBA code Ptolemy. The target (column) and projectile (row) are speci-
fied.
6He
∼ 1 MeV
α + 2n
208Pb 210Pb
some MeV
0+gs
0+1
Figure 3.8: Energy balance for the two subsystems. The initial state and the
final ones are displayed.
energy needed is subtracted from the relative motion kinetic energy. The total
energy balance is depicted in the following figure 3.9 for completeness. We
have taken as an example a lead target but the same considerations apply to
tin or other targets, but with different Q-values as we discussed in the tables
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above. Fig. 3.9 makes immediately clear that in the case of a conventional (well
bound) projectile, the initial bound state would lie at much lower energy thus
demanding for a greater energy to release its neutrons.
6He 210Pb
α + 2n + 208Pbgs︸ ︷︷ ︸
6He
210Pb︷ ︸︸ ︷
0+gs
0+1
Figure 3.9: Total energy balance for the complete system. The kinetic energy
borrowed from the relative motion is shown as a green arrow while the projectile
and the target states are in blue and red.
For each considered state the two-particle transfer cross section has been cal-
culated on the basis of the DWBA (using the code Ptolemy [50]) employing the
macroscopic form factor described above, with a strength parameter as result-
ing from the RPA calculation. For the ion-ion optical potential, the standard
parameterization of Akyuz-Winther [51] has been used for the real part, with
an imaginary part with the same geometry and half its strength. In all cases,
the bombarding energy has been chosen in order to correspond, in the center of
mass frame, to about 50% over the Coulomb barrier. The angle-integrated L=0
excitation function is shown in Fig. 3b as a function of the excitation energy
Ex for the
208Pb(14C,12C)210Pb reaction at Ecm=95 MeV. For a more realistic
display of the results, the contribution of each discrete RPA state is distributed
over a lorentzian with Γ= k E2x, with k adjusted to yield a width of 4MeV
for the giant pairing vibration. This could seem rather arbitrary since there is
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Figure 3.10: Differential cross-sections as a function of the excitation energy
for the two reactions : a) 208Pb(6He,4He)210Pb, and b) 208Pb(14C,12C)210Pb.
See text for details.
no reason for an a priori assignment of this quantity. We have been brought
to this simple prescription because other collective states (of different nature)
lying in the same energy region display similar values for their width, and it is
reasonable to assume some rule to narrow the low-energy states and to broaden
the high-energy ones.
As the figure shows, the large (negative) Q-value associated with the re-
gion of the GPV (see Table 1) completely damps its contribution, and the
excitation function is completely dominated by the transition to the ground
state and the other low-lying states. The situation is very different for the
208Pb(6He,4He)210Pb reaction at Ecm=41 MeV, whose excitation function is
shown in Fig. 3a. In this case the weak binding nature of 6He projectile leads
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to a mismatched (positive) Q-value for the ground-state transition (Qgs= 8.148
MeV), favouring the transfer process to the high-lying part of the pairing re-
sponse. In this case the figure shows that, in spite of a smaller pairing matrix
element, the transition to the GPV is of the same order of magnitude of the
ground-state transfer (1.8 mb for g.s. and 3.1 mb for the GPV). Note that a
total cross section to the GPV region of the order of some millibarn should be
accessible with the new large-scale particle-gamma detection systems.
0 10 20
Energy (MeV)
0
0.5
1 116Sn(14C,12C)118Sn
0
0.5
1
dσ
to
t/d
E 
(m
b/M
eV
)
116Sn(6He,4He)118Sn
a)
b)
Figure 3.11: Differential cross-sections as a function of the excitation energy for
the two reactions : a) 116Sn(6He,4He)118Sn, and b) 116Sn(14C,12C)118Sn. The
comparison between the GPV and the ground-state clearly shows the different
strength. Notice the different vertical scale with respect to figure 3.
A similar behaviour is obtained in the case of a tin target. In Figs. 4a and
4b the corresponding excitation functions for the 116Sn(14C,12C)118Sn reaction
(at Ecm=69 MeV) and the
116Sn(6He,4He)118Sn reaction (at Ecm=40 MeV) are
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compared. Now the transition to the GPV dominates over the ground-state
transition when using an He beam ( 0.4 mb for g.s. and 2.4 mb for the GPV).
From a comparison with the RPA strength distributions of Fig. 1 and 2 one can
see that the giant pairing vibrations is definitely favoured by the use of an 6He
beam instead of the more conventional 14C one, because the transition to the
ground-state is hindered, while the GPV is enhanced (or not changed), because
of the effect of the Q-value.
3.5 Conclusions.
The role of radioactive ion beams for studying different features of the pairing
degree of freedom via two-particle transfer reactions is underlined. A 6He beam
may allow an experimental study of high-lying collective pairing states, that
have been theoretically predicted, but never seen in measured spectra, because of
previously unfavourable matching conditions. The modification in the reaction
Q-value, when passing from 14C to 6He, that is a direct consequence of the
weak-binding nature of the latter neutron-rich nucleus, is the reason of the
enhancement of the transition to the giant pairing vibration with respect to the
ground-state.
The final achievements for the four reactions studied in detail are presented
in the last two figures. It is worthwhile noticing that in the case of Pb there is
a considerable gain in using unstable beams, while in Sn is much less evident.
One sees the need for unstable helium when compares the magnitude for the
pairing resonance in the right a) and b) panels with the peak at zero energy: in
the first panel the transition to the ground state is extremely hindered.
A 6He beam is currently available (or it will be available in the very near
future) in many radioactive ion beams facilities around the world and the cal-
culations that we have presented could allow a planning for future experiments
aimed to study the not yet completely unraveled role of pairing interaction in
common nuclei, using exotic weakly bound nuclei as useful tools.
Projectiles with neutron excess display favourable conditions for multi-pair
transfer because of their large radial extensions. Since large neutron excess is
usually connected with a low binding energy Q-value considerations indicates
that these reactions are suitable to populate states at higher energy, thus excit-
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ing high lying pairing vibrations. The Q-value for the reaction 206Pb(8He,4He)210Pb,
for example, is around +20 MeV, which gives optimal conditions to populate
the GPV.
Chapter 4
Extension of the
Steinwedel-Jensen model
4.1 Introduction
The most important role played by exotic nuclei is to force the nuclear scientific
community to test its ideas within the borders of a broader new realm. We have
thus discovered that the extrapolations of the theories that are working pretty
well inside the stability valley may fail as long as nuclei with a large asymmetry
are taken into consideration and a number of truly new phenomena arises in this
region of the nuclear chart. At the driplines the presence of halos and neutron
skins and the effects of the pairing interaction are believed to increase their im-
portance, modifying many observables. This is also true for collective features
and especially for the Isovector Giant Dipole Resonance (GDR). This collective
mode represents the most important feature of the continuum and is very often
considered an important point for the full understanding of the structure of
nuclei. Work in this direction has been pursued for example by Van Isacker and
57
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collaborators [55], who studied the effect of a neutron skin on the excitation of
E1 and M1 collective states by means of en extension of the Goldhaber-Teller
model, finding a lowering of the average energy of these modes that they esti-
mate to be about 5% and a fragmentation of strength. Microscopic HF+RPA
calculations had shown that the value of the centroid of the energy distribu-
tions in neutron-rich nuclei is invariably smaller than the corresponding value
in normal nuclei [56, 88]. Lipparini and Stringari [57], instead, had modified
the Steinwedel-Jensen model to include surface effects and interaction current
terms constructing an energy functional to derive the symmetry energy and po-
larizability as well as sum rules. Their model is nevertheless rather complicated
and we will propose a simpler alternative to take into account surface effects in
a straightforward way. A preliminary discussion of some of these topics may be
found in [63].
Migdal [58] was the first to derive a simple power law for the dependence
of the energy of the giant dipole resonance upon the atomic mass A. The
proposed formula was 24A−1/3(asZ/A)
1/2 MeV , where as is the coefficient of
the symmetry term of the Bethe-Weizsa¨cker mass formula. Goldhaber and
Teller (GT) [4] assumed the oscillation of a rigid proton sphere against a rigid
neutron sphere with sharp surfaces, ending in a dependence of the type A−1/6.
We refer to the following section for a brief discussion. Shortly afterwards
Steinwedel and Jensen (SJ) [5], developing another idea proposed in the cited
work of Goldhaber and Teller, derived a formula for the oscillation of proton and
neutron liquids inside a common fixed spherical boundary. Their model, also
called hydrodynamic or acoustical, gave the prediction A−1/3. All these models
were thought to be promising in the early stage of the study of nuclear collective
phenomena, but with the growing amount of experiments on various atomic
species they were negatively tested on many data [59], and it was found that a
good description of the general trend is achieved with a dependence of A−0.23.
We should mention that another model, called the droplet model, has been
developed [60]. It encompasses the basic assumptions of the two models and,
although the physical interpretations of the two approaches remain incompatible
to a large extent, it gives accurate predictions, reproducing the empirical power
law.
Even if all these models are very well accepted, we felt that it was worthwhile
CHAPTER 4. EXTENSION OF THE STEINWEDEL-JENSEN MODEL 59
looking at this problem with a simple model that nevertheless is capable to go
beyond the actual approaches including surface effects.
The purposes of the present chapter are:
• to review and comment the predictions of some well-known models about
the energy of the GDR when one moves from the prescription of N = Z
nuclei, showing their different trends.
• to set up a new class of models based on the extension of the Steinwedel-
Jensen model with the aim of describing situations in which the nuclear
surface is not sharp. In this class of models the density distribution is
assumed to be of Fermi type and the region around the surface is divided
in n slices or steps where the density is taken to be constant. This case
turns out to be solvable. When n is sufficiently large the smooth function
is approximated pretty well.
• to analyze the outcomings of this new class of models, namely to study
qualitatively the dependence upon the diffuseness of the nuclear surface
and upon the presence of a skin, showing that they predict sizable decre-
ments in the energy of the GDR even at the level of N = Z nuclei and
that this is especially effective at the dripline.
The diffuse surface may reduce the energy of the mode to a large extent (up to
20%). The presence of the skin also decreases the energy of the modes, but is
effective only as long as the diffuseness is kept small. When the diffuseness is
taken into account the effect of the skin is not bigger than a 10%.
4.2 GT and SJ models at the driplines
The Goldhaber-Teller model predicts the energy of the giant resonance to be
(see [62] for a detailed and simple derivation)
h¯ω = h¯
√
3as
4ǫm
√
A2
ZNR
≃ 45MeV
A1/6
(4.1)
where R = r0A
1/3, as is the asymmetry energy, m is the mass of a nucleon and
ǫ is a somewhat arbitrary parameter that is fixed to be 2 fm. Since the two
spheres are displaced the energy required is linear in the separation distance.
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Figure 4.1: Comparison of predictions of Goldhaber-Teller (solid) and
Steinwedel-Jensen (dashed) models (considering the full formulae with as =
20MeV ) for the energy of the GDR for three isotopic chains (oxygen, calcium
and tin).
This is certainly a bad approximation for very small separations where the
symmetry energy must have a quadratic dependence. Goldhaber and Teller
assumed a quadratic dependence at small separations fitted to join the linear
dependence at some fixed point ǫ. It is worthwhile to notice that the formula is
usually approximated to its second form (valid only at Z = N) and that very
often the coefficient is fitted from the data and taken to be 33MeV . We have
preferred to use a common value for as to give a purely theoretical prediction.
The hydrodynamical or acoustical model of Steinwedel and Jensen takes a
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Figure 4.2: Comparison of predictions of Goldhaber-Teller (left) and Steinwedel-
Jensen (right) models (considering the full formulae with as = 20MeV ) in the
(N,Z) plane. This is figure is due to S.Montagnani [63] (pay attention to the
slightly different colouring scheme).
step function as a parameterization of nuclear densities
ρn,p(r) =


ρ0p,n if r ≤ Rp,n
0 if r > Rp,n
(4.2)
where the radii Rn,p of the two distributions and the densities of the internal
region, ρ0p,n, are taken as constants. This is a very crude approximation. The
derivation of the energy is quite straightforward [62] and leads to the following
expression
h¯ω = h¯
√
8asZN
mA2
z1
r0A1/3
≃
√
4ZN
A2
76.5MeV
A1/3
(4.3)
where z1 = 2.08 is the first zero of the derivative of the spherical Bessel function
with ℓ = 1.
The second formula must be analyzed: usually one takes only the second
factor because the square root reduces to 1 when N = Z. The remaining part
agrees to a good extent with old data.
We notice however that the two formulae derived above lead to very differ-
ent results when one extrapolates to the driplines. This is especially relevant
nowadays since exotic beams are available and large sets of data are expected
from future experiment.
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In fig. 4.1 we display a comparison between the full behaviour of the GT
and SJ models for three chains of different isotopes: oxygen, calcium and tin.
The change of the number of neutron (and total mass) is responsible for the
very different slope predicted by the two models. The differences are impressive
not only for the general trends but also for the magnitude of the energy of the
isovector giant dipole mode (30% in the worst case). In fig. 4.2, for each point
in the (N,Z) plane, the corresponding energy of the Giant Dipole Resonance is
shown using different colours for different magnitudes. The opposite behaviour
of GT and SJ models is clearly seen either for stable and unstable nuclei: not
only the predictions along the diagonals are different in magnitudes, but also the
surfaces display different curvatures while moving toward regions with excess of
one of the two type of nucleons (borders of the square).
4.3 The extension of the SJ model
The nuclear surface is not sharp. It is diffuse and the Fermi distribution is
known to be an efficient way to parameterize the nuclear proton and neutron
densities:
ρt(r) =
ρ0t
1 + e(r−Rt)/at
(4.4)
where t = n, p is an index that indicates neutrons or protons respectively, Rt
and at are the radius and diffuseness of the density distributions of neutrons
and protons, while the saturation values are ρ0t . One may wonder that the effect
of the diffuseness should be small for light nuclei and even negligible in the case
of heavy nuclei. Our aim is to show in a qualitative way that it is indeed very
effective in changing the predicted energy of the GDR within the Steinwedel-
Jensen model, already at the level of N = Z nuclei. We define the total density
distribution has the sum of the density of the two species:
ρ0(r) =
∑
t
ρt(r) (4.5)
It is worthwhile to insist here on the fact that every well-behaved distribution is
equally treatable with the method that we are going to explain. We have decided
to deal with the Fermi distribution because the degree of approximation that it
furnishes is very good.
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We now give a criterion to create a subdivision of the interval over which
the density distribution is defined with the purpose to approximate it with a
step function. The procedure that we adopt consists of the following points:
• We choose a convenient number n of steps that we wish to use as an
approximation. Performing the calculations a number of times with in-
creasing n, we will show that the value of the energy of the giant dipole
mode will converge to a finite constant value.
• We define a region around the surface in such a way that the point at
which the density is one half of the value found at r = 0 is taken as the
’center’ of the surface and we take a spherical crust whose thickness is
such that the external radius always is a percentage of the inner density
(10% or 5% will be taken for simplicity).
• The surface region is then divided in n equally spaced intervals, and in
each interval is taken a constant average density. This is also done in the
case of the inner interval. In this way we have defined a step function
that is an approximation to our original density distribution. We have r0
in the origin, n radii rj , with j = 1, n, that divide two adjacent internal
intervals and finally the external radius rn+1.
Now we have delineated a way to split the density distribution in a number of
intervals. Depending on the number of intervals the outcoming model will be
called a n-steps SJ model. Obviously the 0-step SJ model reduces exactly to
the SJ model when the parameters Rt and at of the two distributions are equal.
We consider a continuous distribution replacing the number of particles
(N,Z) of each subdivision with the constant density in that interval. A plot
of a typical Fermi distribution with the 10-steps function is displayed in fig.
4.3 to illustrate the way in which we approximate the density profile and the
subdivision of the surface region. The higher is the number of intervals that we
choose, the better is the approximation of the Fermi distribution. Thus in the
limit n → ∞ the step function tends exactly to the Fermi distribution (cut at
some external radius). The fact that we are cutting the distribution, whose tail
extends to infinity, at a given point may introduce problems. In fact whenever
we increase the external radius the value of the energy decrease. To fix the ideas
and to give a qualitative trend we have to make a reasonable recipe, defining
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Figure 4.3: Fermi distribution function (solid line) and 10-steps SJ distribution
function (dashed for n or p and dot-dashed for their sum). The radii rj corre-
spond to the jumps of the step function. When the number of partitions in r
is increased, the approximation of the step function to the Fermi distribution
becomes more effective.
the surface thickness as the region where the density drops from 90% to 10% of
the inner value. This is a common prescription [61] when one is dealing with a
Fermi type parameterization of the nuclear surface.
Since the magnitude of the effect depends on the way in which one cuts the
distribution we have repeated these calculation several times, adopting different
strategies and finding always a qualitative agreement in the results.
Insofar we have always made a distinction between neutrons and protons for
the sake of generalization, but, since the two distributions may have different
parameters R and a, the resulting step functions may differ in the set of rj ’s. To
simplify our model we take as a guide the distribution whose saturation density
is higher and we derive only one set of intervals. In each interval the two
distributions of protons and neutrons are defined accordingly to the average
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value between the two extremes of the interval. This is expected to bear no
consequence on the final results, especially when the number of steps is made
big.
Now we introduce, as a straightforward generalization of the Steinwedel-
Jensen model, a system of n + 1 1 space and time dependent equations that
describes the variations of the nuclear densities, ρt
(j)(~r, t), within each interval
as small density oscillations, ε(j)(~r, t), of proton fluid against neutron fluid with
total fixed densities ρ0t
(j)
:
ρt
(j)(~r, t) = ρ0t
(j) ± ε(j)(~r, t) , ∀j = 0, · · · , n− 1 (4.6)
where plus and minus signs refer to the two different isotopic species. Clearly
in every interval the density fluctuation ε of protons is opposite to the density
fluctuation of neutrons. Furthermore one may think to more complex fluctu-
ations that involve the exchange of material across different intervals. This is
also included in our model because the requirement of constant total densities
implies that all the fluctuations change accordingly to this request. The conser-
vation of each kind of ’particles’ in each interval is assured by the fact that the
volume integral of ε is zero.
In each interval we calculate kinetic and potential symmetry energies in the
standard way (see for example [62]):
T =
m
2
∫
d3r
(
ρ(j)p v
(j)
p
2
+ ρ(j)n v
(j)
n
2)
=
m
2
∫
d3r
(
ρ
(j)
0 V
(j)2 + ρ
(j)
redv
(j)2
)
(4.7)
where vp,n(r, t)
(j)
are the flow velocities of protons and neutrons fluids in each
interval. Transforming to relative and center of mass velocities leads to the sec-
ond formula, where the first term may be eliminated requiring that the nucleus
as a whole would remain at rest (V(j) = 0, ∀j) and where the reduced density
in the j−th interval is given by
ρ
(j)
red =
ρ0p
(j)
ρ0n
(j)
ρ0(j)
+
ρ0p
(j) − ρ0n(j)
ρ0(j)
ε(j) − ε
(j)2
ρ
(j)
0
. (4.8)
1There are n steps in the surface plus the inner interval, for a total of n+1 different slices.
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In the following only the first term will be kept. The potential energy reads
instead
V =
4as
ρ0(j)
∫
d3r ε(j)
2
(4.9)
The variation of the lagrangian L = T − V , under the assumption of hydrody-
namical irrotational flow (∇× v = 0), reads
δ
∫
dtL = 0 =
=
∫
dt
∫
d3r
(
m
2
ρ0p
(j)
ρ0n
(j)
ρ0(j)
v(j)
2 − 4as
ρ0(j)
ε(j)
2
)
(4.10)
Defining the velocity and its variation as a function of the displacements, ex-
ploiting the continuity equation (at zero order in ε) and integrating by parts
where necessary, we come up to a system of coupled differential equations for
the displacements of the following form (see [62] for details, p. 200):


1
u20
∂2ε(0)
∂t2 = ∇2ε(0)
· · · = · · ·
1
u2
j
∂2ε(j)
∂t2 = ∇2ε(j)
· · · = · · ·
(4.11)
where we have used the continuity equation at each border within different
intervals and the propagation speed of density waves uj inside each interval is
given by
uj =
√√√√ 8asρ0n(j)ρ0p(j)
m(ρ0n
(j) + ρ0p
(j))2
(4.12)
The solution of the system of wave equations (4.11) gives in general a system of
coupled equations of linear combinations of spherical Bessel j(z) and Neumann
n(z) functions with ℓ = 1 and proper coefficients that we write as:
yj(x, r) ≡ αjj(kjr) + βjn(kjr) (4.13)
with k0 ≡ x and hence kj = u0k0/uj = u0x/uj , ∀j = 0, · · · , n− 1. This last
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equivalence follows from the fact that the wavevectors kj are related by
k0u0 = k1u1 = · · · = kjuj = · · · (4.14)
Using the definitions (4.12) we may choose only one independent kj , that is the
final goal of the solution of the system, since the energy of the Giant Dipole
Resonance is EGDR = h¯kjuj . The solution in the innermost interval contains
only the function that is regular in the origin (i.e. β0 = 0), while in all the
other intervals they are both present. The solutions in two adjacent intervals
must connect up, together with their derivatives, and the solution in the out-
ermost sector must have a null derivative at the outer radius r0. No condition
is explicitly required for the value of the solution at the outer radius. All these
conditions set up a system of 2n+ 1 equations in 2n+ 2 variables

y′0(x, r) |rn+1 = 0
}
at rn+1
· · ·
yj+1(x, r) |rj = yj(x, r) |rj
y′j+1(x, r) |rj = y′j(x, r) |rj
}
at rj
(4.15)
where j = 1, · · · , n. The system above may be easily solved: given the co-
efficients in the innermost interval (β0 = 0 and α0 arbitrary, may be fixed by
normalization, but this is not relevant for the present purpose), one may express
the coefficients in the j−th interval by recursion:


βj =
y′j−1(r)j(kjr)/kj−yj−1(r)j
′(kjr)
n′(kjr)j(kjr)−n(kjr)j′(kjr)
αj =
yj−1(r)−βjn(kjr)
j(kjr)
(4.16)
The system above may be easily solved by means of a numerical FORTRAN
routine by looping over the wavevector (the (2n+2)th variable) and looking for
the point where the derivative of the solution in the outermost interval changes
its sign, while crossing zero. This sets the value of the energy of the isovector
giant dipole mode.
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a (fm) EGDR (MeV) %
0.0 24.23
0.01 24.13 0.4%
0.1 22.99 5.1%
0.2 21.90 9.6%
0.3 20.99 13.4%
0.4 20.21 16.6%
0.5 19.58 19.2%
Table 4.1: Energy of the giant dipole resonance as a function of the diffuseness
for 40Ca. The first value is the prediction of the Steinwedel-Jensen model, while
the others are the outcome of the presently discussed model (see text). The
distribution is integrated until the 10% of the inner density is reached.
4.4 The effect of the diffuse surface
The first issue we want to discuss is the effect of the diffuseness of the nuclear
surface. It is worth mentioning that whenever the diffusivity is very small the
result of the calculations agrees with the Steinwedel-Jensen prediction. At all
practical purposes when a is 1/100 or lower there should be no difference between
the Fermi distribution and a sharp distribution.
We kept constant the saturation densities (ρ0p = ρ
0
n = 0.080 nucleons/fm
3)
and the mass of the system (N = Z = 20) and we studied the dependence of
the energy of the giant dipole resonance on a common diffuseness parameter
ap = an finding a non-negligible reduction of the energy as one can see from
table 4.1.
The first row in this table is separated from the other because is the predic-
tion of the pure Steinwedel-Jensen model with a rectangular distribution with
the parameters given above. This calculation has a qualitative character, be-
cause we changed the radii in order to keep constant the mass of the system.
The first column is the diffusivity, the second is the energy of the mode. When
increasing the diffusivity we have to lower the radius of the center of the surface
because, otherwise, the total mass and charge of the nucleus vary. We have
thus found, for each case, the radius that maintain the total mass fixed to the
original values and the effect of lowering on the energy of the giant dipole mode
may amount to a lowering of about 20% with respect to the Steinwedel-Jensen
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prediction.
It is found, by fitting the data in this and other cases, that the dependence
on the diffusivity is parabolic.
The first conclusion that one may get is that the effect of diffuseness is very
strong already at the level of N = Z nuclei, or along the stability valley and
may be expected to be even stronger for unstable nuclei.
4.5 The effect of the skin
One of the most fascinating issues concerning the novel properties of very
neutron- (or proton-) rich nuclei is the presence of a neutron- (or proton- )
skin. It is commonly believed, thanks to electron and hadron scattering experi-
ments , that along the stability valley the matter distribution (radial density) of
protons and neutrons have almost the same spatial extension, although different
absolute value of the saturation density. That is to say the proton distribution
’follows’ the neutron distribution due to the strong pn interaction. This is cer-
tainly true for light and medium mass nuclei and partly fullfilled by heavier
nuclei, but it is no more true when one moves away from stable systems.
In fact whenever the number of one of the two kinds of nucleons is by far
exceeding the number of the others, many calculation and experiments indicate
that the above picture is no more valid and that there is a superficial region with
abundance of one of the two species. We do not attempt to resume here the
extensive literature on this topic, but we refer the reader to some of the works in
this field as [54, 56, 64, 65, 80, 88]. We prefer instead to present as an example
the results of simple Hartree-Fock (HF) calculations with a common Skyrme
type interaction to give an argument in support of the theoretical predictions
of neutron skin. In fig. 4.4 a comparison between density distributions of pro-
tons and neutrons in various isotopes of sulphur is made and the corresponding
differences between the neutron and proton radii are drawn in fig. 4.5. It is
seen that, with this approach, a skin of a fraction of fm is envisaged even for a
relatively light nucleus as sulphur.
We address now the problem of the effect of the neutron (or proton) skin on
the excitation of the GDR in our schematic model increasing only one of the
radii of the two distributions and keeping fixed and equal the central densities.
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Figure 4.4: Hartree-Fock predictions for radial density distributions of protons
and neutrons in various isotopes of sulphur. The stable case (left,upper panel)
has no skin while the neutron-rich isotope (right, upper panel) shows an abun-
dance of neutron in the superficial region. The evolution of the density profiles
with the number of particles is illustrated in the lower row. The vertical scales
are in nucleons/fm3, while the horizontal scales are in fm.
In the following we are not interested in making accurate predictions on the real
value of the energy of the Giant Dipole Mode, but we only want to discuss the
effect of the presence of skin: for this reason the parameters in the table do not
necessarily correspond to an integer value for the masses. We repeated these
calculations with different values of the diffuseness to shed light on an interesting
fact. When the diffuseness is small (a = 0.01 fm) and the two distributions are
almost box-like the effect of the skin is appreciable: the energy of the GDR
drops of about 2-6 % with respect to the case with no skin as shown in table
4.2.
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Figure 4.5: Extension of skin (in fm) versus mass number in sulphur isotopes.
(HF calculations with Skyrme force). Negative values correspond to proton
skins, while positive ones correspond to neutron skins.
In the same table it is also seen, by comparing the relative values of the
R = 3 fm and R = 5 fm, that this lowering due to the skin is less effective in
system with smaller masses.
A more appropriate value of the diffusivity (a = 0.5 fm) is used in the
calculations displayed in table 4.3 to understand the effect of the skin. Notice
that now the value of the energies are in general smaller than in the previous
case because of the effect of the diffuseness, as discussed in the previous section.
In this case the additional lowering due to the presence of the skin is still sizable
(3-6 %) and roughly in agreement with the estimate made in [55].
The interplay between the effect of the presence of a diffuse surface and of the
skin have opposite trends in the two tables above. To understand it properly one
should compare the reductions in cases where, for instance, the skin is exactly
equal to one diffusivity, or to a fraction of diffusivity, and see which are the
trends from light to heavy systems. This is done in table 4.4 where the densities
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Rp (fm) Rn (fm) EGDR (MeV)
3.0 3.0 27.362
3.0 3.1 27.354 (0.03%)
3.0 3.2 26.370 (3.6%)
5.0 5.0 18.166
5.0 5.1 17.796 (2.0%)
5.0 5.2 16.914 (6.9%)
Table 4.2: Energy of the giant dipole resonance as a function of the neutron
skin (difference between the two radii), having fixed ρ0t = 0.080 nucl/fm
3 and
at = 0.1 fm.
Rp (fm) Rn (fm) EGDR (MeV)
4.0 4.0 18.621
4.0 4.1 18.393
4.0 4.2 18.119
4.0 4.3 17.541 (5.4%)
6.0 6.0 13.385
6.0 6.1 13.248
6.0 6.2 13.111
6.0 6.3 12.927 (3.4%)
Table 4.3: Energy of the giant dipole resonance as a function of the neutron
skin (difference between the two radii), having fixed ρ0t = 0.080 nucl/fm
3 and
at = 0.5 fm.
and diffusivities are fixed and the energy of the GDR is given as a function of
the radii of protons distributions for three cases: no skin (first column), skin
equal to 1/5 of diffusivity (second column) and skin equal to diffusivity (third
column). The third case, in which the skin has been taken unrealistically large
to highlight the effect, has been supplemented with the percentage with respect
to the case with no skin. It is seen that going from light systems to heavier
systems, the effect of the neutron skin becomes less important.
4.6 Conclusions
We have attempted a study of surface effects on the excitation of the Giant
Dipole mode with the aim of shedding light on the trends associated with the
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Rp(fm) EGDR
∆rskin/a = 0 ∆rskin/a = 1/5 ∆rskin/a = 1
3.0 23.13 22.81 20.66 (10.7%)
4.0 18.62 18.39 16.93 (9.1%)
5.0 15.57 15.39 14.34 (7.9%)
6.0 13.38 13.25 12.43 (7.1%)
Table 4.4: Energy of the giant dipole resonance: trends from light to heavy
systems with the same ratios of skin and diffusivity ( ρp = ρn = 0.08 nucl./fm
3
and a = 0.5 fm). It is seen how the presence of skin is less dramatic in heavier
systems.
presence of a diffuse surface or with the presence of a displacement of proton
and neutron radii (skin). To this end we have introduced an extension of the
Steinwedel-Jensen model in which the nuclear density, parameterized as a Fermi
distribution, is sliced in a number of intervals and taken constant inside each
interval. An exact solution of this model is proposed in terms of an iterative
formula that may be easily solved.
Surprisingly we have found large reductions in the energy in connection
with the presence of a diffuse surface that may even amount to the 20% of the
total. In a similar way, the effect of the neutron skin has large consequences
on the distribution with a very small diffusivity, but becomes less remarkable
whenever a reasonable diffusivity is taken into account. This is due to the fact
that situations in which the densities of the two fluids are very different tend to
lower more the energy of the mode.
The study presented in this chapter is still preliminary in the sense that the
prescription that we have employed to cut the distribution is arbitrary, albeit
reasonable. Since the results depend on the recipe used we can only make
qualitative statements: both the presence of diffuse surface and skin affects
the Giant Dipole Resonance favouring a marked reduction of the energy of the
mode. These findings confirm the hints that were put forward in the works of
Van Isacker and collaborators, based on a modification of the Goldhaber-Teller
model and in the works of Catara and others, where a microscopic description,
based on RPA calcualtions, was adopted. The effects discussed here are expected
to play a role in those systems far from the stability line where the presence of
nuclear halos and skin are thought to be present.
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Chapter 5
Break-up of dicluster nuclei
5.1 Introduction
A unique feature of nuclear systems along the neutron drip-line is the concentra-
tion of strength at excitation energies just above the continuum threshold. This
concentration of strength is directly measured in breakup reactions, but it has
strong effects also on other processes, such as elastic scattering or sub-barrier
fusion reactions. It has been proved that this peculiar feature is associated with
the weakly bound nature of most nuclei at the drip-line [64]. Within a di-cluster
description of a weakly-bound nucleus (where one of the cluster may even be
a single nucleon), the quantum state that describes the system lies very close
to the threshold for separation into the two subsystems. The potential is in
this case is the intercluster potential. The wavefunctions associated with such
states (and hence their distributions of matter) extend to large radii, spreading
far outside the walls of the potential well (this is valid already at the level of a
square well potential, and it is even more evident for a realistic potential that
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has a tail at large radii). This establishes the opportunity to set a matching
between the bound wave function and some scattering state in the (low-lying)
continuum with approximately the same wavelength. The resulting electromag-
netic response has a marked concentration of strength in the threshold region.
Besides the intrinsic excitation properties of these systems, one has to consider
the unusual extension of nuclear coupling on reactions, that can compete with
coulomb excitation and modify inelastic form-factors and cross-sections in a
sizable way [65].
The picture outlined above finds its simplest application in the case of single
particle halos, where, in a mean field approach, it is the last unpaired nucleon
that is responsible for the halo distribution and that, being promoted to the
continuum single particle states, gives rise to the low-lying strength. The pre-
cise dipole strength distribution does not depend on the details of the binding
potential, but rather on the value of the initial binding energy and on the angu-
lar momentum of the initial state, as well as on the neutron or proton character
of the halo state. In all cases, however, the energy corresponding to the max-
imum of the strength distribution depends linearly on the binding energy [66].
Similarly, the total dipole strength at the threshold depends approximatively on
the inverse of the binding energy and tends therefore to magnify its effects as
one approaches the drip-lines. The picture developed so far for single-particle
halos can be extended to the case of light weakly-bound nuclei within a diclus-
ter model. We take as an example the case of 7Li, whose ground state is well
described in terms of interacting α and triton clusters, which characterize the
lowest continuum threshold (at 2.467 MeV). The basic necessary assumption
is that also the excited states, both bound and unbound, are described within
the same dicluster picture. In particular for the bound 1/2− state the relative
motion has been assumed to be still in the p state, as the ground state, while
for the continuum state the cluster-cluster relative motion can have all angular
momenta. We depict in fig. 5.1 the level scheme of 7Li (taken from TUNL
website [67]).
The simple model for the threshold strength is modified when the system
displays, in the low-energy continuum, true resonant states in addition to the
non-resonant part. This is for example the case of 7Li which has the 7/2−
and 5/2− states at 4.652 MeV and 6.604 MeV respectively. Within the clus-
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Figure 5.1: Level scheme of 7Li from TUNL website [67]. The data displayed
here come from the compilation of Fay Ajzenberg-Selove.
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Figure 5.2: Wavefunctions for the ground state (solid) and first excited state
(dashed) obtained solving a unidimensional Schro¨dinger equation for the relative
motion, adjusting the depth of the Wood-Saxon potential to obtain the correct
eigenvalues.
ter picture these states correspond to narrow resonances in the relative motion
with angular momentum ℓ = 3. In a proper treatment of the continuum both
resonant and non-resonant contributions arise in a natural way and may have
comparable strengths. Ad hoc formalisms, which only include either the reso-
nances or the non-resonant continuum, may therefore be inadequate to describe
the full process.
A preliminary account of the concepts discussed in this article may be found
in [87].
5.2 Status of dicluster systems
Walliser and Fliessbach [68] discuss a cluster picture for 7Li, in which the
constituents of the nucleus are treated as elementary, that is without internal
structure, but not necessarily point-like. They obtain considerable agreement
CHAPTER 5. BREAK-UP OF DICLUSTER NUCLEI 79
with experimental data and we conform, in principle, to their model. The main
difference is that we determine the wavefunctions for the relative motion of the
cluster by solving the unidimensional Schro¨dinger equation for an effective α− t
potential that reads:
Vα−t(r) = Vcoul(r) + VWS(r) + Vl·s(r) (5.1)
It contains the coulomb repulsion (corrected at small distances for the sphericity
of charge distributions), the nuclear Woods-Saxon attractive potential and the
usual spin-orbit term [69]. By adjusting the depth of the Woods-Saxon well
(VWS = −74.923 MeV) and the magnitude of the spin-orbit correction (Vls =
1.934 MeV) we can obtain exactly the energy eigenvalues for the two bound
states. The α cluster has spin 0 while the t cluster has spin 12 . The angular
momentum coupling between the relative motion and the spin of the triton
provides the total angular momenta (32 )
− for the ground states with energy
−2.467 MeV and (12 )− for the first excited state at −1.989 MeV [70]. The
energy are measured with respect to the α − t break-up threshold. We give in
fig. 5.2 the wavefunctions for the ground state and for the first excited state to
allow a qualitative comparison with the ones obtained in the paper of Wallisser
and Fliessbach (for example the radial node is at the same point). The treatment
of the scattering states will be discussed later.
We have set a simple model for 7Li that nevertheless is capable of a good
agreement with experimental observations, as witnessed by the list of observ-
ables in Table 1. Evaluation of charge radius, electric and matter quadrupole
moments, B(E2) and B(M1) values for transitions between the ground state
and the first excited state are reported. These quantities, except the two width,
are calculated accordingly to the prescriptions given in [68]. These quantities
are very sensitive to the wavefunction shape and therefore provide a reliability
test for our approach as far as bound states are concerned. The two last rows
in the table refer to the width of the two f7/2 and f5/2 resonances on which we
will comment later and have been calculated with the purpose to show that this
model gives also sensible predictions for the continuum states. We also compare
our results with older calculations in the second table, showing that an overall
agreement is found.
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Quantity This work Experiments
< r2 >
1/2
ch (fm) 2.44 2.55± 0.07(a)
2.39± 0.03(a)
Qel(fm
2) −3.77 −3.8± 1.1(a)
−3.4± 0.6(a)
−3.70± 0.08(a)
Qmat(fm
2) −3.99 −4.1± 0.6(a)
−4.00± 0.06(b)
B(E2, 32 → 12 )(e2fm4) 7.55 8.3± 0.6(a)
8.3± 0.5(a)
7.59± 0.12(b)
7.27± 0.12(b)
B(M1, 32 → 12 )(µ2) 2.45 2.50± 0.12(a)
Γ(72
−
)(keV ) ∼ 110 93± 8(c)
Γ(52
−
)(keV ) ∼ 930 875+200−100
Table 5.1: Comparison of calculated and experimental quantities taken from:
(a) Walliser and Fliessbach [68], (b) Voelk and Fick [71], (c) Tokimoto et al.
[72]
5.3 Electromagnetic response
So far we have showed that the dicluster picture is able to give reasonable results
and we would like to to apply this model to the calculations of electromagnetic
response for the transitions to continuum states. Starting from the ground state
(with p character) we have investigated electric dipole transitions to s and d
states (in fig. 5.3 we give the differential reduced transition probability for dipole
transitions) as well as quadrupole transitions to p and f states (fig. 5.4). In the
former case the scattering states for even multipolarities have been calculated
solving again a Schro¨dinger equation with the same parameters that have been
used to find the bound states. The same has been done in the case of the p-
continuum. In this scheme all the features of the transition are ascribed to the
modification of the character of the angular momentum of the relative motion.
The clusters are thus frozen in this picture, and their intrinsic wavefunctions are
not modified by the electromagnetic operators. In the continuum energy region
are present a number of resonances that deserve some further comments.
Limiting ourselves to the lowest few ones, as the 72
−
and the 52
−
, we have
solved the Schro¨dinger equation for scattering states with a depth of the Woods-
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Quantity My work Other works
< r2 >
1/2
ch (fm) 2.44 2.43
(a),(b)
2.55(c)
Qmat(fm
2) −3.99 −3.82(a)
−3.83(b)
−4.41(c)
B(E2, 32 → 12 )(e2fm4) 7.55 7.74(a)
7.75(a)
10.57(b)
(a) Keeley,Kemper and Rusek, PRC
60 (’02), (b) Buck and Merchant JPG 14 (’88), (c) Kajino et al., PRL 46 (’81)
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Figure 5.3: Differential B(E1) values (in e2fm2/MeV ) for transitions from the
ground state to the continuum. Energies are in MeV, the different contributions
are indicated in the legend.
Saxon (VWS = −68.255) and a spin-orbit (Vls = 3.115) adjusted to yield the
two resonant states in the excitation spectrum just at the right energy. Besides
this resonant strength we observed a concentration of strength of non-resonant
character at the separation threshold, solely due to the weakly-bound nature of
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Figure 5.4: Differential B(E2) values (in e2fm4/MeV ) for transitions from the
ground state to the continuum. Besides there is a quadrupole transition to
the first excited (bound) state, displayed in the figure as narrow peak, whose
strength is indicated on the figure itself. Energies are in MeV, referred to the
threshold for break-up into the α− t channel.
the 7Li nucleus. This strength is small for multipolarities that have a resonance
in the low-lying continuum, but it is sizable when there are no resonances (as in
the p cases). The widths of these two states are in reasonable agreement with
experimental observations as shown in the last part of table 1.
We have also compared our values with energy weighted sum rules as well
as with energy weighted molecular sum rules (EWMSR) [73, 74], also called
AGB sum rule from the initials of the three persons who introduced it in the
literature, that are particularly useful for molecular-like structures. In light
nuclei enhanced E1 transitions have been observed for which B(E1) values may
still be very small in comparison with single-particle estimates. EWMSR have
been introduced as measures for these transitions and in the cases of dipole and
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Table 5.2: Exhausted fraction of the energy weighted sum rule and of the en-
ergy weighted molecular sum rule (AGB sum rule) for dipole and quadrupole
excitation.
E1 E2
EWSR 2.62% ∼ 9%
EWMSR 94.22% ∼ 42%
quadrupole they read:
SI(E1, A1 +A2) =
(
9
4π
)
(Z1A2 − Z2A1)2
AA1A2
(
h¯2e2
2m
)
(5.2)
SI(E2, A1 +A2) =
(
25
2π
)
1
Z
(
Z1Z2 +
(
Z1
A2
A
− Z2A1
A
)2)
S20
(
h¯2e2
2m
)
(5.3)
where the notation means that the nucleus with mass A and charge Z is split in
two clusters with masses A1 and A2, charges Z1 and Z2 and neutron numbers N1
and N2. S0 is the equilibrium separation that may be simply calculated as the
sum of the radii of the two clusters (we have taken S0 = 3.63 fm). We find that
our dipole strength represents approximatively the 2.6% of the Thomas-Reiche-
Kuhn sum rule, but it amounts to about 94% of the energy weighted molecular
dipole sum rule. Similarly the quadrupole strength is the 9.2% of the energy
weigthed quadrupole sum rule and about 42% of the EWMSR. Starting from the
initial ground state (2p3/2) we have included ,in the calculation of the exhausted
fraction of sum rules, all the possible transitions to lower unphysical bound
states (1s1/2, 2s1/2, 1d5/2, 1d3/2 for dipole and 1p3/2, 1p1/2 for quadrupole) and
we have also included the quadrupole transition to the first excited state (see
fig. 5.5 for a schematic view).
While the quadrupole transitions to bound states (both the physical 2p1/2
excited state and the two unphysical 1p levels) represent only a small part (about
2%) of the total quadrupole strength (that amounts to ∼ 317MeV e2fm4), the
total dipole strength is strongly modified: the dipole transitions to the contin-
uum amount to ∼ 1.311MeV e2fm2 and the dipole transitions to unphysical
states give a negative contribution of about ∼ −0.645MeV e2fm2 to the total
strength. While the result for molecular dipole energy weighted sum rule is an
exact one, the other is rather robust with respect to small variations in the S0
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Figure 5.5: Schematic representation of the physical (2P) and unphysical
(1S,1P,1D,2S) bound states and of the continuum states obtained solving the
Schro¨dinger equation for the relative motion of the two clusters. They must
be taken into account in the calculation of the energy weighted molecular sum
rule. The quantum numbers of the states are on the left, while on the right is
indicated their energy with respect to the threshold (in MeV).
parameter. All these values are summarized in Table 5.2
5.4 Formalism and Form Factors
We wish now to move from the electromagnetic response, that is a structural
feature of 7Li, to the study of a breakup reaction in which the dicluster nucleus
is used as a projectile on an heavy target. The coordinate system for the in-
teraction between a dicluster nucleus and a target is depicted in fig. 5.6. The
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Figure 5.6: Coordinate system for the interaction between a dicluster nucleus
(white) and an external target (black).
factors f1 and f2 are the ratios of the distances of the center of mass of each
cluster from the common center of mass divided by the inter-cluster distance r.
We have named the two clusters as ’core’ and ’cluster’ to avoid confusions even
if the alpha particle has not a mass so large to justify the choice with respect
to triton. Nonetheless it has spin 0 that helps in simplifying formulae.
The wavefunction for the bound initial state with angular momentum quan-
tum numbers J,M is:
ΨJM (~r, ξ1, ξ2) =
∑
µ,m2
〈lµj2m2 | JM〉ϕlµ(~r)Φj1=0,m1=01 (ξ1)Φj2m22 (ξ2) (5.4)
while for the final scattering state with quantum numbers J ′,M ′ it reads:
ΨJ′M ′(~r, ξ1, ξ2) =
∑
µ′,m′2
〈l′µ′j′2m′2 | J ′M ′〉ϕl′µ′(~r)Φj
′
1=0,m
′
1=0
1 (ξ1)Φ
j′2m
′
2
2 (ξ2)
(5.5)
where ξi are the internal coordinates of the two clusters with wavefunction Φi
and intrinsic quantum numbers ji,mi. Instead ϕl′µ′(~r) is the relative motion
wavefunction, depending only on the relative coordinate. For alpha particles
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we have j1 = 0 and m1 = 0, while the triton has j2 = 1/2, and hence we may
simplify both formulae. The relevant interaction between the target and each
component of the projectile, V , may be split in two parts: Vα−T (| ~R − f2~r |
) + Vt−T (| ~R − f1~r |). Furthermore each interaction consists in a nuclear and a
coulomb part. The former has a Wood-Saxon parametrization of the standard
type:
V Ni−T (| ~ri |) =
Vi−T
1 + e
[
(|~ri|−RT )/ai−T
] (5.6)
where the index i refer to one of the two clusters and the notation employed
in the figure for the relative distances between each cluster and the target is
shortened to | ~ri |. The Coulomb interaction takes into account the extension
of the charge distributions:
V Ci−T (| ~ri |) = Φ0
RT
| ~ri | , if | ~ri |> RT
V Ci−T (| ~ri |) = Φ0
[
3
2
− | ~ri |
2
2R2T
]
, if | ~ri |< RT (5.7)
where Φ0 = ZeffZT e
2/RT .
The formfactor depends only on the ~R coordinate that is referred to the
distance between the centers of mass of the two reactants and it has the form
F (~R) = 〈EJ ′M ′ | V (~R) | JM〉 =
∫
d~rdξ1dξ2Ψ
∗
J′M ′(~r, ξ1, ξ2)
(
V1−T (| ~r1 |) + V2−T (| ~r2 |)
)
ΨJM (~r, ξ1, ξ2) (5.8)
that can be further reduced inserting the wavefunctions above and integrating
over the internal degrees of freedom. Using also some properties of the Wigner
3J and 6J coefficients and of the spherical harmonics one ends with the formula:
F (~R)JMl→J′M ′l′ =
=
√
π(2J + 1)(2J ′ + 1)
∑
L,Θ
(−1)1/2−M ′
(
J
−M
J ′
M ′
L
Θ
)(
J
1/2
J ′
−1/2
L
0
)
[∫ ∞
0
r2i dri
∫ 1
−1
duR∗l (ri)Rl′V (
√
R2 + r2i − 2riRu)PL(u)
]
YLΘ(Rˆ) (5.9)
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Figure 5.7: Form factors (in arbitrary units) for a particular transition plotted
against the distance, for a fixed energy in the continuum of EC = 1MeV (upper
figure, logarithmic vertical scale) and against the energy in the continuum for
three fixed distances (lower row). Coulomb (dotted) and nuclear (dashed) form
factors are shown. See text for details.
where L,Θ are the change in orbital angular momentum and its third component
due to the transition and u is the cosine of the angle between the two vectors ~R
and ~ri. Since the index i is present in the square bracket there are two similar
terms referring to the the two clusters. The above formula refers to a cluster
with intrinsic spin quantum number 1/2 and a more general one is provided in
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the appendix.
We show some results in fig. (5.7) where the Coulomb and nuclear form
factors, in the same arbitrary units, are plotted for a dipole transition between
the p3/2,3/2 (second index refers to third component of angular momentum)
ground state and the s1/2,1/2 state in the continuum. From the upper panel,
that shows the dependence upon r when EC = 1 MeV, it is evident that the
nuclear field dominates at smaller distances, while the coulomb one dominates
at larger distances. This is once again displayed in the next three figures where
three different distances have been kept constant and the dependence upon
EC has been calculated. The nuclear contribution is still very important at a
distance of 12− 14 fm that is far beyond the geometrical sum of the radii of the
two systems. In halo systems close to the drip lines, where the wavefunctions
are much more extended than in this case, this effect is even magnified. It is
seen that the nuclear form factor starts to show radial nodes when the distance
is increased as already noticed in [65]. Similar figures may be obtained for all
the possible transitions and all display similar features.
5.5 Cross section
The formfactors obtained in the last section contain all the elements to build
up elastic and inelastic cross-sections and Q-value distributions. The reaction
amplitudes can be calculated in a semiclassical coupled-channel approach.
We implement here a scheme analogous to the one presented in [65], that
follows a standard way of construction of elastic and inelastic cross sections
[77]. For each partial wave (ℓ) we have a set of coupled first order differential
equations for the amplitudes:
a˙ℓi = −ih¯
∑
Fi,j [~R(t)]e
−i(ǫi−ǫj)t/h¯aℓj (5.10)
where ~R(t) represents the trajectory of relative motion, while ǫk is the energy
of a particular channel. The integration in time is done assuming a standard
parametrization for the ion-ion potential with an imaginary part that yields a
first-order elastic shift. The energy in the continuum is divided in a suitable
number of intervals, treated as different channels. The reaction amplitudes
obtained from this system of equations are used to calculate cross sections for
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Figure 5.8: Q-value distribution for Coulomb breakup of 7Li on 165Ho at Ecm =
40MeV . Dipole (dotted) and quadrupole (dashed) contributions are shown
together with their sum (full line). The 7/2− resonance is marked, while the
5/2− around 4 MeV is very small.
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Figure 5.9: Differential Coulomb breakup cross sections as a function of the
impact parameter with the same data of the last figure. Again different multi-
polarities are shown separately and one may notice the different behaviour at
large impact parameter, that is dominated by the dipole contribution.
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Figure 5.10: Q-value distribution for nuclear breakup of 7Li on 165Ho at Ecm =
40MeV . Dipole (dotted) and quadrupole (dashed) contributions are shown
together with their sum (full line). The 7/2− resonance is marked.
the excitation of a given channel and differential cross sections as a function of
the energy in the continuum. The calculations of total cross sections (as well
as differential ones) must take into account the fact that one can have many
choices for the initial magnetic substate (over which we must average) that are
simplified since σp,j,m→lj′ = σp,j,−m→lj′ .
Fig. 5.8 is very interesting since displays the expected Q-value distribution
for Coulomb breakup ( the contributions of the dipole and quadrupole transi-
tions are separately shown, together with their sum). It is worthwhile to notice
that the strength in the two peaks arise from different mechanisms: the peak at
1 MeV is mostly build up with transition to the continuum due to the match-
ing between initial and final wavelengths that we have already discussed, while
the peak at 2.186 MeV has a real resonant nature (7/2−). Also in the case of
quadrupole the non-resonant strength is seen just above the threshold, but its
relative magnitude is small compared to the dipole one. The same informations
about the relative importance of various multipolarities may be deduced from
figure 5.9. In this picture one can appreciate the role of the absorption at small
CHAPTER 5. BREAK-UP OF DICLUSTER NUCLEI 91
5 10 15
b (fm)
0
2
4
6
dσ
/d
b 
(m
b/f
m)
total
dipole
quadrupole
Nuclear Breakup at Ecm = 40 MeV
Figure 5.11: Differential nuclear breakup with respect to the impact parameter.
impact parameters, due to the implementation of a transmission factor obtained
integrating the imaginary part of the potential. Moreover one can see the dif-
ferent behaviour of the two tails: the quadrupole contribution goes to zero in
a faster way with respect to the dipole. Consequently at large impact param-
eters, that correspond to forward angles, the Coulomb breakup cross sections
are mostly due to dipole transitions to the continuum. One can thus expect to
measure dipole breakup preferably at forward angles.
The total Coulomb cross section at Ecm = 40 MeV is around 0.48 mb, that
could be further analyzed separating the contribution of the different multipo-
larities: 0.20 mb for the dipole and 0.28 mb for the quadrupole.
The nuclear breakup at the same energy has a very similar shape for the Q-
value distribution (depicted in fig. 5.11), being the total integrated cross-section
about 5.78 mb. At a variance with previous findings the dipole contribution to
this cross-section (0.14 mb) is now much smaller that the quadrupole one (5.64
mb).
The comparison with fig. 5.8 shows that, while the resonances are always
due to the quadrupole component, the peak at low energy is mostly due to
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Figure 5.12: Q-value distribution for total (interference of Coulomb and nuclear)
breakup of 7Li on 165Ho at Ecm = 40MeV . Dipole (dotted) and quadrupole
(dashed) contributions are shown together with their sum (full line). The 7/2−
resonance is marked.
dipole transitions for the Coulomb field and to quadrupole transitions for the
nuclear field and has a different shape.
Summing up these two considerations results in a rather complicated mixing
of the various components excited by the cumulative effect of the two interac-
tions. The coulomb and nuclear cross sections have been displayed explicitly
only to discuss their features. The interference of the two fields give a final
Q-value distribution depicted in fig. 5.12 and a corresponding curve as a func-
tion of the impact parameter in fig. 5.13. The total cross sections in this
case is about 11.9 mb. The dipole contribution amounts to 2.5 mb while the
quadrupole is about 9.4 mb. This result is rather large if compared with the
separated Coulomb and nuclear cross sections and it is due to the interference.
In order to check the validity of these estimates we have performed a simple and
independent calculation with another code that evaluates Coulomb and nuclear
excitation from the ground state to a sharp state (we did it for the 7/2− reso-
nance) given its energy and the deformation length calculated on the basis of the
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Figure 5.13: Differential total breakup with respect to the impact parameter for
the interference of Coulomb and nuclear fields.
B(E2) value (that is the integral of the curve in figure 5.4 corresponding to the
resonance). The result gives 0.34 mb for Coulomb excitation. This number is
roughly consistent with the value of the quadrupole component of the Coulomb
cross section (half of which may be attributed to the resonance).
5.6 Parallel work on 6Li
Besides the detailed discussion on 7Li a parallel investigation on 6Li has been
carried on with the purpose of comparing the results with other theoretical
predictions and experiments [78, 79]. We briefly report here on the status of
this research line.
The level scheme of 6Li is reported in fig 5.14 for the sake of completeness.
The ground state is the only bound state below the threshold for separation
into an α particle plus a deuteron. Its binding energy is about 1.5 MeV. This
makes of 6Li a very weakly-bound nucleus. Three resonances with T = 0 isospin
quantum number are seen in the low-lying continuum with Jπ = 3+, 2+, 1+
interpreted as the coupling of the spin of the clusters with a d-wave relative
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Figure 5.14: Level scheme of 6Li from TUNL website [67]. The data displayed
here come from the compilation of Fay Ajzenberg-Selove.
motion. Resonances with T = 1 are not included in the present analysis.
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Table 5.3: Comparison between 6Li breakup cross section evaluated by semi-
classical calculation and CDCC, and experimental data. All cross sections are in
mb. It is seen that both theories slightly overestimate the experimental values.
[Data are due to the courtesy of M.Mazzocco].
Beam Semi-classical CDCC Experimental
energy calculation data
31 MeV 54.9 48.76 41.3(0.7)
33 MeV 69.3 65.43 59.2(1.2)
35 MeV 77.9 80.91 63.0(2.6)
39 MeV 84.5 102.32 76.5(5.3)
The same physical idea of the description of 6Li as a dicluster nucleus (alpha
plus deuteron) has been retained and the Schro¨dinger equation has been solved
for the relative motion both for the bound and the continuum states, adjusting
the depth of the Saxon-Woods potential to obtain the correct binding or res-
onance energies. The relative motion has then been treated along a classical
trajectory in a semi-classical coupled channel approach that has the advantage
to be very straightforward to solve numerically and to require lower CPU times
than other commonly used approaches. This allows a finer subdivision of the
continuum (for example we have done the calculations with energy bins of 0.1
MeV). The results for the cross sections and excitation energy distribution, al-
though not including continuum-continuum couplings, are very similar to the
one obtained with other methods, like the continuum discretized coupled chan-
nel method. At 39 MeV bombarding energy our total breakup cross section
(integrated over the continuum energy) is about 85 mb, close to the value of
104 mb obtained with CDCC procedure.
The most important qualitative difference is the proper inclusion of non-
resonant continuum states [80] that arise from the weakly-bound nature of the
6Li nucleus [64]. We report in fig. 5.15 the differential B(E2) values to the
low-lying continuum (in the case of 6Li the dipole vanish identically in a cluster
picture because the effective charge is zero for an alpha plus deuteron clus-
ter configuration). The transitions to the non-resonant continuum are strong
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Figure 5.15: Differential B(E2) values (in e2fm4/MeV ) for transitions from the
ground state to the continuum for the breakup of 6Li. In the inset we display the
full vertical scale. Energies are in MeV, referred to the threshold for break-up
into the α− d channel.
enough to smear the 2+ and 1+ resonances, thus introducing a slight qualitative
difference between the two lineshapes. This is consistent with the trends of the
data sets and a finer energy resolution would be advisable to settle the problem.
Instead the 3+ resonance is not modified appreciably because, at a variance with
the CDCC calculations, we find a narrow and strong peak. This difference may
be due to the different way of subdivision of the continuum into energy bins.
As it appears from the table below, however, both approaches slightly overesti-
mate the integrated experimental cross sections.
5.7 Conclusions
We have illustrated a general method to treat dicluster nuclei, showing how to
obtain their structure features and we have implemented a semiclassical calcu-
lation to perform breakup reaction studies.
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The main idea was developed in the papers by Dasso, Lenzi ans Vitturi, who
showed how the non-resonant continuum affects the excitation properties and
the breakup of neutron and proton halos in weakly-bound nuclei. Our aim was
to extend this picture to cluster states and to show the importance of transition
to low-lying continuum in weakly-bound dicluster systems.
We have not attempted a detailed comparison with other methods, but we based
our arguments on the fact that the cluster description of light nuclei is widely
accepted. We expect that the semiclassical implementation of a coupled chan-
nel scheme is not inferior to some, in principle more correct, fully quantistic
coupled channel calculations. Our scheme is simpler and faster and allows a
binning of the continuum that may be as fine as one wishes. Other methods are
constrained to a rougher subdivision of the energy. Nonetheless we argue that
the effects of the non-resonant strength on the final cross sections are twofold:
they modify the lineshape and increase the magnitude of the cross sections in a
sizable way.
This work may turn out to be relevant to studies on complete and incomplete
fusion reactions: in a nuclear reaction with a weakly-bound projectile, the field
of the target may act on the projectile in such a way to break it before the colli-
sion, and the breakup may be followed by fusion of both fragments, of only one
of the two or of none. In this respect the effect of break-up on fusion processes is
among the topics of higher current interest for the nuclear physics community.
5.8 Appendix to the chapter
We would like to give here a formula for the calculation of the form factors
with the same purpose of (5.8) for a generic cluster with intrinsic spin quantum
number j2:
F (~R)JMl→J′M ′l′ =
√
π(2J + 1)(2J ′ + 1)(2ℓ+ 1)(2ℓ′ + 1)
∑
L,Θ
(−1)3j2−M ′
(
ℓ′
0
ℓ
0
L
0
)(
J
−M
J ′
M ′
L
Θ
){
J
ℓ
J ′
ℓ′
L
j2
}
[∫ ∞
0
r2i dri
∫ 1
−1
duR∗l (ri)Rl′V (
√
R2 + r2i − 2riRu)PL(u)
]
YLΘ(Rˆ)
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where the symbols have the same meanings of the text. The simplifications used
to calculate the form factor for 7Li no longer apply when the cluster has not
j2 = 1/2.
Chapter 6
Summary and epilogue
6.1 Summary
We have tried to give a unitary exposition of the researches that we undertook
during the three years of study and work in Padova, sewing together apparently
different subjects, that nevertheless have a common basic goal: the understand-
ing of collective modes and of the continuum in which these modes are usually
embedded, especially in connection with novel phenomena seen in nuclei far
from the stability line. We attacked this problem from many different sides
taking particular care for the role of exotic nuclei either as a subject or as a tool
to understand a particular issue. Not only the presence of clustering, halos and
skins have been considered as ’exotic’ phenomena, affecting the properties of
excitation of dripline nuclei, but also ’exotic’ (in the sense of unconventional or
less frequently discussed) collective modes have been discussed, as for example
the Giant Pairing Vibrations excited with unstable nuclei.
The themes covered in the present thesis are: a detailed study of double
phonon giant resonances in normal nuclei, the enhancement of the excitation
of Giant Pairing Vibrations using weakly-bound nuclei, an extension of the
Steinwedel-Jensen model for Giant Dipole Resonances to treat surface effects
and presence of neutron skin and, finally, a model on breakup reactions in
weakly-bound dicluster nuclei.
The common idea underlying these four chapters, and in some way its mor-
tar, is the interpretation of nuclear phenomena by means of collective models
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that have the virtue of being simple and well characterized from a physical point
of view. Needless to say it has been also useful to look at the many-body prob-
lem in terms of microscopic theories, if need be. Another cementing feature of
our arguing has been the profitable resort to semiclassical reaction theory, as
far as reaction models were concerned.
The keystone of many problems that we had encountered was to solve ordi-
nary differential equation or systems of ODE’s, from the Schro¨dinger equation
in dicluster states to the equations of motion in the semiclassical theory nuclear
reactions, or from the wave equation in two-fluids acoustical models to coupled
channels reaction amplitudes. This task has been accomplished analitycally,
when possible, or numerically, implementing throughout the whole thesis com-
puter codes that exploit a very versatile subroutine to solve systems of first
ordinary differential equations.
Epilogue
There would be no better conclusion to this thesis than to quote again the same
Master that we cited at the beginning of this work, because, once again, his
words are of the utmost relevance:
”He! he! he! –he! he! he! –yes, the Amontillado. But is it not
getting late? Will not they be awaiting us at the palazzo, the Lady
Fortunato and the rest? Let us be gone.”
”Yes,” I said, ”let us be gone.”
- The cask of Amontillado - Edgar Allan Poe.
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